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Preface

Some areas of human knowledge ever since its origin had shaken our understanding of the universe
from time to time. While this is more true about physics, it is true about mathematics as well. The birth
of topology as analysis situs meaning rubbersheet geometry had a similar impact on our traditional
knowledge of analysis. Indeed, topology had enough energy and vigour to give birth to a new culture of
mathematical approach. Algebraic topology added a new dimension to that. Because quantum physicists
and applied mathematicians had noted wonderful interpretations of many physical phenomena through
algebraic topology, they took immense interest in the study of topology in the twentieth century. Indian
physicists too did not lag behind their counterparts in this respect. Some physicists of Kolkata and
around invited me in 1978 to deliver a series of lectures on the subject in the Calcutta University under
the auspices of Satyendra Nath Bose Institute of Physical Sciences. The same lecture was delivered
earlier to the working physicists of the Indian Statistical Institute in 1976. The present manuscript is a
slightly organized version of those lectures delivered at the said places.

To facilitate the readers distinguish the two approaches to the study of topology, matters have been
divided into two parts, viz., general topology and algebraic topology. The general topology introduces
the classical notions of topology such as compactness, completeness, connectedness etc. and the algebraic
topology brings to light the purely algebraic aspects of them. In general, the treatment is sketchy but
motivating and helpful for physicists to grasp quickly the basic ideas. The matters have been tested for
presentation in Shibaji University and Mosul University. The author will feel rewarded if any one studying
this monograph become interested in the subject.

In the preparation of this manuscript | got generous help from many—in particular from Prof A.B. Raha
and Prof H. Sarbadhikari who opted to write a part of the manuscript from lectures. | owe a lot to both
of them. I will be failing in my duty if | do not acknowledge my debt to Prof K. Sikdar, Prof T. Chandra,
Prof S.M. Srivastava, Prof S. Roy, all of Indian Statistical Institute, Prof M. Datta, Director, SNBIPS,
Prof B.K. Datta of the University of Trieste, Prof M.K. Das of the University of Nairobi,
Prof S. Mukhopadhyay of the City University of New York, USA. My last words of gratitude must go
to my wife, Suparna, sons Anandarup and Raju for what they did to see this project complete.

D. CHATTERJEE
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CHAPTER 1

Sets, Relations and Functions

1.1 SYMBOLS AND NOTATIONS

Mathematics are full of symbols and notations. Symbols have their special meanings. So unless the
symbols are understood, no mathematical expression can be interpreted. So we begin with some symbols,
some of which mathematics has hired from logic. Students should always carry this collection as a tool
box in their memory.

for all
there exists
there does not exist
there exists a unique
belongs to
does not belong to
or (disjunction)
and (conjunction)
implies
is implied by
implies and is implied by
if and only if
that is
viz. : namely

R such that
eg.: for example

= is equal to

Z: is not equal to

Il : is parallel to

O: is perpendicular to.

oS! D0 oopopoHdsogo

1.2 SETS AND SET OPERATIONS

The notion of a set is basic in mathematics. We can express our ideas very precisely and concisely by
using this notion. We begin this notion here.
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Definition: A setis awell-definedcollection of distinct objects.

The words ‘well-defined’ and ‘distinct’ are to be carefully noted here. These words were not originally
in the definition given by G. Cantor [1845 — 1918], who is known as the father of set theory. Bertrand
Russell pointed out some logical faults in the original definition and mended it as above. The word
‘well-defined’ means unambiguously defined. Given any object, one should be able to determine whether
the object is within the collection or not. The collection of intelligent students of a school is not well
defined as opinions may differ in concluding who is intelligent and who is not.

The word ‘distinct’ implies distinguishable with respect to some features or characteristics. Thus
the collection {1, 2, 3, 2} is not a set as the objects are not distinct.

Sets are usually denoted by capital letters or by putting the objects within the second brackets or
curly brackets. This is a universally accepted convention and therefore by no means the convention
should be disregarded. Th¥s= {a, e, i, 0, u} is a set but {1, 2, 3} is not a set. A set may be expressed

also by a property, e.g.x{xis a prime numbek 10 }. This is the same as {2, 3, 5, 7}. If an element
belongs to a set, the fact of belonging is expressed symbolically iy, 2, 3. The fact of not belonging
similarly is expressed symbolically by0{1, 2, 3.
Thus if we writex O X, it shall mean the objegtis a member of the s¥t Thusx U X can be read
many ways as
(i) xbelongs toX

(i) xis a point ofX

(i) xis a member oK

(iv) xis an element aX

(v) xis an object oK

(vi) xis contained irX.

The symboly 00 X can be accordingly interpreted.

For the sake of precision and consistency the notion of a set which has no object in its collection is
accepted in mathematics. This is known as the empty set and is usually denoted by the greek letter
@ (phi).

Thus the empty set is a set having no element.

Definition: A setAis called asubsebf another seB if eitherA is the empty set or every elementof
is also an element of.B

Thus () The empty set is a subset of every set,

(ii) Every set is a subset of itself.

The fact thatA is a subset dB is symbolically expressed a& U B.

A setB s called asupersebdf Aif Ais a subset dB. Note the notion of superset is just the opposite
of the notion of subset.

Observe, ifAd B andBO C, then A C.

Two setsA and Bare said to bequal, denoted b =B, if A BandB 0O A i.e., every element
of Ais contained irB and every element & is contained irA. If two setsA andB are not equal, we
express that symbolically b # B.

Thus the setd = {a, b, c} andB ={c, a, b} are equal; but the seB={1, 2, 3, 4},Q={2, 3, 5, 6}
are not equal sincéJP but10Q.



Sets, Relations and Functions 5

Definition: To avoid logical contradictions in the long run all sets considered in any work are supposed
to be subsets of a large set. This large set is callathihersal sebf the system and kept fixed through
out the entire work.
Thus, when working with the sets={1, 2, 3},B={2, 4, 5},C={1, 3, 5}, the set {1, 2, 3, 4, 5} or
any superset of this may be taken as the universal set. But whichever is taken as the universal set must be
kept unchanged throughout the work.

Set Operations

There are three basic operations with sets; one is calledang operatiorbecause it requires only one
set for its performance and two &ieary operationdecause they require two sets for their performance.
We define them as follows:

A° ={x0Q; xO A. This setA° is called thecomplemenbf A and the operation is sometimes
referred to asomplementation

AO B={x0Q; xO AO xO B. This set is called the union of the satandB and evidently
consists of those elements of the universal set, which belong to any AradB.

An B={x0OQ; xO AO xO B. This set is called thatersectionof the set#\ and B Evidently
this consists of those elements of the universal set, which are common fodmutB. Thus ifA = {1,
2,3,4},B={2,3,5},Q={1,23 45 F then

A°={56,B°={1 416
AOB={1,2,345
An B={2,3.
Note thatQ°® = ¢, ¢° = Q and (A®)° = A Further note thaA 0 B= BO A An B= Bn A
It is easy to see that
() ADBDO B°O A
i) AnQ=A ADOQ=0Q.
i)y Ang=9 Al gp=A
(iv) An A=A A0 A= A
It is quite interesting and helpful to observe that the set operations through diagrams.

Because Venn used diagrams for the first time to visualize sets operations through diagrams such
diagrams are called Venn diagrams.

To visualize diagrammatically these set operations we take all points inside a rectangle as the universal
set and the region enclosed by a closed curve denotes a set. Thus we have

®

A° AU B An B
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The notion of set union and set intersections can be extended to finitely many or even infinitely
many sets.

Thusif A, A, ..., A aren sets, then their union and intersection are denoted symbolically by
O A ={x0Q;, xO Afor somei=1 2, ...,n}
i=1

'QlA ={x0Q; xO Aforeachi=1 2 ..., n}

Therefore if A ={3, A ={1P,..., A% 1 2... }n, then
0A={L2...9
OA={%
We now state some properties of set operationsALBf C be three sets. Then
1. (ADOB)O C= ADO(BO Q [Associative property of unipn
(An B)n C= An (Bn Q [Associative property of intersectipn
An(BOQOQ=(An BO(An G [Leftdistributive property
AO(Bn OQ=(A0 Bn (AOD Q [Left distributive property
(AOB) nC=(An QO (Bn G [Right distributive property
(AnB)OC=(A0 On (BO G [Right distributive property
7. (AO B)®= A" n B° [De Morgan’s Lay
8. (An B)® = A" B° [De Morgan’s Lay

The De Morgan’s law is one of the finest properties of set operations and connects unions with
intersection. This property can be generalized as

(0A) =n A°and(n A)° =0 A°
From the three basic operations we can define two more frequently used operatiodiftaisate
andsymmetric differencas follows:

A-B={xOA xOB M B=( A BO( B )A
Observe thatA—- B= An B  and AAB= A0 B- An B
ThusifA={1, 2, 3, 4},B={2, 4, 5, 6},

then A-B={1,3},B-A={5,6}, AAB={1,35¢6.
Note from the definitions above it follows that

L e

() A-B#B- A (i) AAB=BA A
Two sets are said to besjointif their intersection is empty. ThésandB are disjointifA n B = ¢.
Clearly the set {1, 2, 4} and {3, 5} are disjoint.
Thepower sebf a set is the set of all subsets of the given set. The power set of Xis sstally
denoted by (X).
Thus if X={1, 2, 3}, then
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OX)={e{3{R{}, L&.,}43.}18.X.
Note that X O Y impliesd (X) OO (Y) and conversely.
TheCartesian producbof two setA and B written asA x B is defined as a set whose elements are
ordered pairsg, b) wherea 0 A b0 B.
Thus Ax B={(a B; all A b0 B.
One can similarly define
AxBxC={ahy ad AKDB & E
As a convention we writlh x A= A2, Ax Ax A= A efc.

Note R? is the set of order pairs of real numbers.

Finite and Infinite Sets

A set is calledinite if counting can exhaust its collection.
A set isinfinite if it is not finite.
Thus the setd, e, i, 0, u} is finite but the set of natural numbers is infinite.
The set of rational numbers and the set of integers are examples of infinite sets.

The number of elements in a finite set is calledctirelinality of the set and is usually denoted by
n(A) or card (A.

The following theorem, known as ti@ardinality theoremis of much practical importance.
Theorem 1.2.1:If A andB are two finite sets, then
n(ADB=nA+dB- 6 A B
Proof: Letx be the number of elements common to odndB, y the number of elements which are
in A but not inB andz the number of elements which areBifbut not inA.

Thenn(A) =x + z.
nB) =y + z.
n(Ad B) = x+ y+ z

Evidently, ((AO By = (x+ Yy +(x+ 2—- X
=n(A +nB - An B.
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Corollary 1: If A, B andC are finite sets, then
n(ADBOQ=rnA+ 1B+ 0¢C- 0A B- OB C
nCn A+ nAn Bn Q.

Corollary 2: If {A} is a family ofm finite sets, then

n(OA)=3nA)- 3 (AN A+ 3 (A0 An A=
1= i=1 !,]j—l ijk=1

i< i<j<k

+(-D"'n(ANnAN...nA)
Example 1: In a town 70% population use Colgate and 80% use Promise and 95% use any of the tooth-

pastes. Determine what percent of people uses both brands.

Solution: Let C denotes the percentage of people who uses Coiydémotes the percentage of people
who use Promise.

Hence by the given condition,
n(COP=93(Q=701H=280
By the cardinality theorem, we ge6= 70+ 80- n(C n P) =55
Thus the percentage of people who use both the brands is 55.
Example 2: If in a class, of the students attending optional English, 45 like Cricket, 40 Football and 30
like Hockey, 15 like both Football and Hockey, 10 like both Hockey and Cricket, 5 like both Football
and Cricket. How many like all three? How many like Cricket only? How many students like Cricket
and Football but not Hockey?
Solution: LetF denotes the set of Football lovefslenotes the set of Cricket lovers &hdenotes the
set of Hockey lovers. Then by the given condition, we get
N(F)=40n(C) =45 H=30(Fn Q=5 1HCn H=10, § Fn H=15
By the cardinality theorem, we see
NCOFOH=nQ+A+HH-6C H- 0F H- 0O H+
n(Cn Fn H)
or 85= 40+ 45+ 30- 15 16 &n(Cn Fn H)
OnCnFnH=1
Presenting these informations in a diagram, we see —

Since 6 students like both Cricket and Football and only 1 like all three, 6—1 or 5 like Cricket and
Football but not Hockey.

Similarly, since 10 students like both Cricket and Hockey, 10-1 or 9 like Cricket and Hockey but
not Football. Likewise we get 14 like Football and Hockey but not Cricket.

So the number of students who like Cricket only is 45-5-1-9 or 30.

Some Special Setdn mathematics and statistics some sets are of much practical use. In order to apply
mathematics effectively the following sets are to be well understood.

N = The set of natural numbers.
={1,2,3,4,..}
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= The set of positive integers
P = The set of prime numbers
={2,3,5,7,11,13,17,19, ...}
Z = The set of integers
={.,-3,-2,-1,0,1,2,3,4, ..}
Q = The set of rational numbers
={p/g p qUZ, q# ¢
= The set of irrational numbers
={J2,3/5 3+ 5/7 2~ 317 15.}
R = The set of real numbers
The set of rational and irrational numbers
Qol.
C = The set of complex numbers
={x+iy,x, yOR,i? = -1
={2+3i,-5,67.}

Note every real number is necessarily is a complex numbeftR can be written ags+i 0, but
every complex number need not be a real number, é.g.,a83complex number which is not a real.
Numbers< +iy wherey # 0 is sometimes referred to as imaginary numbers. Thus B-aBimaginary
number.

Natural numbers are also counting numbers because we count with them.

Evidently the set of natural numbers is infinite. Further every natural number has a successor and
every natural number except the first one, viz. 1, has a predecessor.

The seZ of integers is also an infinite set. Every integer has a successor and also a predecessor.

The set of rational numbers is an infinite set. The sum of two rational numbers is a rational number,
the difference of two rational numbers is a rational number; the product of two rational numbers is a
rational number and the quotient of two rational numbers is a rational number, provided the denominator
is not zero. In factdivision by zero is undefined in the real number sydietif we extend the real
number system by adjoining and -0 to it, the seR O {- [J [} is called theextended real number
systemand is denoted byR. In the extended real number system we shall not say 5/0 is undefined
rather we shall denote this fy.

The set of rational numbers has two very important properties, viz., the density property and the
property of trichotomy. The first one suggests that between any two distinct rational numbers lie infinitely
many rational numbers and the second one suggests for any two rational nuamgyr®xactly one of
the three relations

X=y, x<yand x>y
must hold.
Where as the sum, difference, product and quotient of two rationals are rational, the same can not be
said about irrational numbers. For exampet V3 and 4 - /3 when added gives 6 which is not
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irrational. Thus we can show that the sum, difference, product and quotient of two irrational numbers
need not be irrational always.

Like the set of rationals, the detf irrationals too have the density property and the trichotomy
property, i.e., between any two distinct irrational numbers there lie infinitely many irrational numbers
and for any two irrational numbers one of the three relations:

X=Yy, X<y and x>y
must hold.

The set of real numbers because it is made of rational and irrational numbers only has many properties
analogous to the s€t and L For example, the density property and the law of trichotomy do hold for
real numbers also. In fact, a stronger statement may be made about real numbers, i.e., between any two
real numbers there lie infinitely many rational and irrational numbers.

A very useful identity of a real number is that every real number whether rational or irrational can
be expressed by a decimal expression. For example,

13/5 =26
41/7  =5.857142857142....
J2 = 1.414213562

2 + 3/5 = 3.709975947

The question that arises naturally in this context is how to identify a real number as rational or
irrational from its decimal expression. The answer is also simple. If the decimal expression is terminating
or recurring it is a rational number, if neither it is irrational. Thus the number 3.14285 is a rational
number and the number 1.213213213... is rational but the number 0.1010010001 ... is irrational.

A set of real numbers is said to lbeunded abové all members of the set are less than or at most
equal to a fixed real number. This fixed real number is calbegpper bounaf the set. If a real number
is an upper bound, any number greater then that is also an upper bound. Thus for a set bounded above
there are infinitely many upper bounds. The least of these upper bounds is cd#edttbpper bound
or supremum

Exactly in the same way we get tgeeatest lower boundr infimum of a set bounded below.
Interestingly, the supremum of a set of rational numbers, bounded above need not be rational always.
Just as the infimum of a set of irrational numbers bounded below need not be irrational always, but the
supremum of a set of real numbers bounded above is always a real number and the infimum of a set of
real numbers bounded below is always a real number. This is what we calfrthketeness properof
R For convention we write for any s&tof real numbers

sup AOR if Ais bounded above
= U if Alis not bounded above
and inf AR if Ais bounded below
= — 0O if Ais not bounded below.
Another very useful property &t is the following:
For every real numbex, there exist an integersuch thatn< X< n+1

Thisnis called the greatest integerwhich is not greater thaqi.e., less than or equalxoThisn
is usually denoted b].
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Thus [3.17] =3 and [- 2.54] = - 3.
Finally it is worthwhile to remember
() x<yd x*z< y+ z
i.e., an inequality remains unchanged if the same quantity is added to or subtracted from both
the sides.
(i) x<yO zx< zyif 20.
zx=zyif z=0
zx> zy if z<0.

i.e., an inequality remains unchanged if both sides are multiplied by a positive real number,
but changed if multiplied by a negative real number and the inequality is reduced to an equality
if multiplied by zero.

(i) O<x<y O 1k>1ly>0.
Finally we conclude this section with another definition:
For a real numbex, we define

x if x>0
|x|=40 if x=0
-x if x<0

The notation | xis read as the modulus»gior simply mod. From the definition it readily follows:
@ Ix]=[x].
(b) |x|= 0.
© IxyFIxIly|.
@) Ix/yl=Ix|ly].
(€ [xxy|<|xk |yl
) IIx=lyllsk+ yl.
Note that the expressidrfx) = 2|x— 1 | + 3 can be rewritten as
2x+1if x=1
f(x) = :
{5— 2x if x<1
asx—1|=x-1lifx>landso2%x-1|+3=
2X—1)+3=2+1but|*x1|=-X-1)=1xifx<landso2f—1|+3=2(1x%+3=5-%
Similarly |[x — a]<d can be rewritten aa — d < x< a+ J, since k—a| =x—aora—x and then
X—a<gd givesx<a+d buta- x<9 impliesa—-9 < x

1.3 RELATIONS

A basic concept in set theory is that of relations, which has tremendous applications in almost every
sphere of academic pursuit including economics, sociology, engineering and technology. The notion of
relation is apparently intuitive but it can be defined very precisely. We begin with a few definitions.
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Definition: A relationR from a sefA to a seB is defined to be a subset of the cartesian produstB.
Thus RO Ax B That an element & is related to an element Bfis expressed symbolically byRy
Clearlyx Ryholds if (x, y) O RO Ax B Note in a special situatioh may be the same setBsThe

set of elements which are related to some elemeRssafalled thelomain of the relation R and the set
of elements of Bvhich correspond to some element®gotlated to the them is called trenge of the

relation R As two extreme cases, the gets called theempty relatiorand the seR x Ris called the
universal relation The diagrammatic presentation of the set is called the graph of the relation.

For example, letd, b, c} andB = {1, 2, 3, 4}, therR={(b, 3), ©, 4), €, 4)} is a relation fromA to
B as Ris a subset o& x B. Clearly {b, c} is the domain oR and the set {3, 4} is the range of the relation
R.

Graph of R

It is to be noted all elements 8fmay not be related to all elementsBin general. Thus the
statementgRyholds andiRvdoes not hold are quite meaningful. Note that in the above exarRple
does not hold bufR, does hold. Since a relation hold between two elements only, this is often referred
to as a binary relation. A binary relation may be defined on A agia subset oA? or in other words,
a binary relatiorR is the sef{(x, ) O A5 xRyholds}.

In reality, that a relation can be defined from a set into another set can be seen from the following
example:

Let A denotes the set of all novels written in English Brikenotes the set of all British novelists
andR denotes the relation of being written by. Then evideRily a subset ofA x B. Again a binary

relation defined on a sét can be given bR denoting the relation of ‘being a own brother or cousin
brother of’ in a tribal group.

Definition: If Ris a relation fromA to B, then its inverse relatioR™ is defined as a subsetBfx A
given by

R'={(b 3 0Bx A(apd A B
It is easy to observe that the domairRds the range oR™* and the range @R is the domain of
R
Though relations have been defined from one set to another, we restrict our further discussions to
relations defined on a set only.
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Definition: A relationRdefined on a s& is calledreflexiveif aRaholds for everya 00 A For example,
if aRbis defined asd dividesb’ on the selN, then evidenthR is reflexive since every natural number
divides itself. But ifaRbis defined asd is less than’on N then evidentlyR is not reflexive.

A relation R is calledanti-reflexiveif aRa does not hold for everya 0 A Note that the above
relation ‘ais less than’lis anti-reflexive.

A relationR defined on a seA is calledsymmetricif ‘aRbholds’ implies bRahold’, i.e., @, b)
(a,b) 0RO (h3gOR

Arelation is calledissymmetridf it is not symmetric, i.e., there exigig, b) 0 R such that(b, a) 0 R

A relation is said to banti-symmetridf ‘aRb andbRahold’ implies that = b.

The relationR defined orR by ‘aRbholds ifa is less than or equal to il clearly anti-symmetric
but the relatiorR defined on the set of all straight lines in spaceabg perpendicular to’ is not anti-
symmetric sinced is perpendicular tb and bis perpendicular ta’ does not imply thaa = b.

A relationR is said to beransitiveif ‘ aRbandbRchold’ implies that aRchold’.

The relationrR defined on the set of all straight lines in spaceabig parallel td’ is a transitive
relation since the parallelity @ andb and that ofb andc implies the parallelity o& andc, but the
relationR defined on the set of all individuals residing in a locality diikes b’ is not transitive since
‘alikesb andb likes ¢ does not necessary imply thatikesc.

A relation that is reflexive, symmetric and transitive is calleddrivalence relatiorEquivalence
relations play an important role in the whole of mathematics.

The relatiorR defined orR by xRyholds ifx =y is a trivial example of an equivalence relation. The
equality of sets is another equivalence relation defindé(Epfor a non-empty.

Example 1:1If xRyholds onZ if x —y is divisible by 5, show that B an equivalence relation.

Solution: ClearlyxRxholds for everyin Z asx —x, i.e., 0 is always divisible by 5. ¥Ryholds, then
x —y is divisible by 5, i.e.x —y = 5 for some integek. This implies thay —x = 5(—k), i.e.,y —x is
divisible by 5. ThuR is symmetric.

Finally, if xRyandyRzhold, i.e.x—y = Sk andy —z = 5, thenx —z= 5K + k), i.e.,xRzholds. This
implies that Rs transitive. Henc® is an equivalence relation @n

Remark: The above relation defined @will be referred to as theongruence relatiomodulo 5 and
will be denoted byx = y (mod 5).

One of the most fundamental theorems about equivalence relation is the following:

Theorem 1.3.1: An equivalence relatioR defined on a seX partitions the set into equivalence classes
so that every pair of elements in any clad’-iglated and elements of two different classes are not.

Conversely, every partition of a sétlefines an equivalence relation which generates that partition.
Proof: LetR be an equivalence relation. Lrt] X. Put alls of X which areR-equivalent tocinto one
class and denote that by.[If X = [x], we stop there. Ifx] O X, there existsy O X, yO[X. Put allt
of X which are Requivalent toy in one class and denote it byy. [

If X=[¥0O[Y, we stop there, otherwise continue the process till all the elemeitsacd
exhausted. Thus we shall finally g&t=[X O[ § O[ ¥ .... the classes making a partition6fClearly
this partition satisfies all the requirements of the theorem.

Converesely, for any partition &fwe can define a binary relation as follows:
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xRyholds if xandy belong to the same class of the partition. Then it is straightforward to prove that
Ris an equivalence relation generating the same partition.

For example, the congruence relatiws y (mod 5) defined o partitions it into five classes [0],
[1], [2], [3] and [4] where
[0] = The set of integers divisible by 5
={..,-10,-5, 0, 4, 10, ...}
[1] = The set of integers, which leave 1 as remainder when divided by 5
={.,-9,-4,1,6,11, ..}
[2] = The set of integers, which leave 2 as remainder when divided by 5
={.,-8,-3,2,7,12, ...}
The set of integers, which leave 3 as remainder when divided by 5
={.,-7,-2,3,8,13, ...}
[4] = The set of integers, which leave 4 as remainder when divided by 5
={.,-6,-1,4,9,14, ..}

Quotient Set

If Ris an equivalence relation defined on aXgthen the set of equivalence classes is called the
guotient set of Xy Rand is denoted bY/R

Thus if pdenotes the congruence relation omgdulo 5, then

Zip={{Q.[I[ RLI I
Composition of Relations

[3]

If Ris a relation fromA to B and Ss another relation from to C, then a relation can be defined frdm
to C, called the composition & andS and denoted bys, R in the following way:
RS={(a ¥ 0 Ax € There existd 1B such that(a, b) DR and(b,c) 0§
Note that if there does not exist any such elemehtia8, thenRSis the empty relation.

For example iiA={a, b, ¢}, B={1, 2}, C={5, 6, 7} andR = {(a, 1), ©, 1), b, 2), €, 1)} andS=
{1, 5), (1, 6), (2, 6), (2, 7)}, then
RS={(a 5), (a 6), b, 5), (b 6), b, 7), €. 5). €, 6)}

The following result follows readily from the definition.

Proposition 1.3.2: If R, is arelation fronAtoB, R, is arelation fronB to C and R; is a relation from
CtoD, then
(RR R) R= R(RB B

Proposition 1.3.3: If R, and R, are two relations from to B and R; and R, are two relations from
BtoCandif Ry R, andR; R, exist, then

() RROR B, (i (ROR) R= R RO R R
Relation Matrix

A relationR defined on a finite s&¥ can be expressed as a matﬂx,-], called theelation matrixof R,
as follows:
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_ |1 if & Rg holds
» |0 if a Ra does not hold

Thus ifA= {1, 2, 3, 4} andR = {(1, 4), (2, 3), (2, 4), (3, 3), (4, 2)}, then

0 01
11
10
0 00

Clearly a relation matrix is a square matrix of order same as the order of the basic set.

Note a reflexive relation has its relation matrix whose all the diagonal elements are ones. The
relation matrix of a symmetric relation is symmetric. The relation matrix of an anti-reflexive relation has
all its diagonal elements zero.

M(R) =

o O O
m O O

Note The notion of relation matrix can be extended to relations from a set to another set in which case
this matrix is a rectangular matrix.

IfA={a b}, B={p. g, rtandC={u,v,w, x} andR={(a, q), (b, r) } andS= {(p, u), (g, w), (r, X)].
then evidenthRS= {(a, w), (b, X)} which has a2 x 4 relation matrix given by

0010 010 1000
M(RS:{O 00 thereM R):{O 0 l}M(s): 0010
0 001

Interestingly M(RS = M(R) M(9).

1.4 ORDER RELATIONS AND POSETS
A relation of special importance is the partial order. Correspondingly partially ordered sets too play an
important role in mathematics.

Definition: A relation defined on a sktis called gartial orderrelation if it is reflexive, anti-symmetric
and transitive. We shall use generadlyto denote a partial order relation.

A set on which a partial order is defined is callguhdially ordered sebr simplyposet

An example of a poset is the s&wwhen equipped with the usual orderThe power se (X) of a
nonempty seX is also a poset when equipped with the inclusion relation.

An interesting example of a poset is the set of positive divisors of 12 when equipped with the partial
order < defined bya < b iff a is a divisor ofb.

Arelation< defined onX is called &otal orderor linear orderif it is a partial order and for every
pair of elementa andb of X eithera<b orb< a

A set equipped with a total order is called a totally ordered set or linearly ordered set or simply a
chain.

The natural order relatioe defined onR is a total order but the relatiom‘is a divisor of’
defined onN is not a partial order as 2 is not a divisor of 5 nor 5 is a divisor of 2.
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An elemenk in a partially ordered sétis called dirst elementf x < a for everya U A Similarly
an element wf Ais called dast elementf a < y for everya J A

Note that a partially ordered set may have no first element and no last element or may have one of
the two but not the other. For example, theNseqjuipped with the natural order has a first element
1 but no last element, the dRtequipped with the natural order has neither a first element nor a last
element. The set of all positive divisors of 12 equipped with the divisibility order defined above has a
first element 1 and a last element 12.

An elemenu of a partially ordered sétis called amaximal elememfAif u< a foranya 0 A
impliesa = u, i.e., no element succeedsexcept itself. Similarly an elementis called a minimal
element ifa < v impliesa =v, i.e., no element precedegxcept itself.

Note the seR equipped with the natural order has neithisaimal elementor a minimal element.
Every finite set of real numbers equipped with the natural order has a maximal element and a minimal
element. The set non-negative real numbers with the usual ordering has a minimal element but no
maximal element.

A partially ordered set is said to well orderedif every subset of it has a first element.
The seiN is well ordered as every subsefNbhas a first element but the $eis not well ordered.
Note that every subset of a well ordered set is well ordered.

Well-ordering Principle: Every set can be well-ordered.
Definition: Let A be a subset of a posétAn elementu [ X is called arupper boundf Aif a < u
for everya U A Similarly an elemenitis called dower boundof Aif | <a for everya O A

An elemeng of X is called deast upper bound @upremunof A if g is an upper bound & and
it is the smallest of all upper bounds, iles g andhis an upper bound & impliesg = h.

An element t oX us called greatest lower boundr infimumof Aif t is a lower bound of and it
is the greatest of all lower bounds, ies s andsis a lower bound implies=t. Note that a supremum
may not be an element &f A similar statement holds for infimum.

For the subsefx OR; 1< x< § of the linearly ordered s&, 10 is an upper bound just as 5 or 25
are upper bounds, 0 is a lower bound and so also are —7 and 1. Neither thi sibsehas an upper
bound but has a lower bound 0; the sulZséis neither any upper bound nor any lower bound. The
element 5 is the supremum and 1 is the infimum of the set.

One of the most powerful tools of modern mathematics is the Zorn’s lemma, which asserts the
existence of certain type of elements, but there exists no constructive proof of obtaining them.

Zorn's Lemma: Every partially ordered set in which every totally ordered subset has an upper bound
contains at least one maximal element.

It is one ofthe finest results of mathematics that the Zorn’s lemma is equivalent to the well ordering
principle.

1.5 FUNCTIONS AND THEIR GRAPHS

A function relates the elements of one set to the elements of another set. Thus a function is of basic
importance in mathematics.
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To define a function we need two sets and a rule. Thus a function fronX acsatsety is a rule
which assigns to every elementXfne or more elements &t But if the rule is such that to every
element oX a unique element &fis corresponded, then such a rule defines a single-valued function. If
the rule is otherwise, we call the corresponding function many valued or multi-valued or set-valued.

Thus the rulef (x) = x* + 1 defines a single-valued function from the Xet {-1, 0, 1} to the set
Y ={1, 2, 3}, because the rule assigns to —Xdfie element 2 of. [note (-1 + 1= 2], to 0 ofX the

element 1 off [note0? + 1= 1] and to 1 ofX the element 2 of Yhote1? + 1= 2] Diagrammatically
this function can be presented as

In the above function, note
(i) To every element ok, there corresponds a unique elemeri,of
(i) There are more elementsYrthan the corresponded elements,
(ili) Two distinct element oX correspond to a single elementYof

Evidently the above function is single-valued. But consider thefr{} = sin™* x. Evidently this
rule defines a multi-valued function from the Xet {0, 1} to the sefO0, r1/2, 51/ 2, 91/ 2. Sincef (0)
=0, butf(1) =sin™ 1= {r/2 51/ 2 91/ 2.
Though multi valued functions have a very important rule to play in mathematics, we shall refrain

from discussing such functions and concentrate on single-valued functions only. So the reference to a
function anywhere hereafter shall mean only a single-valued function.

Letf be a (single valued) function froxito Y. We shall denote this symbolically by, X - Y. If
x corresponds the elemgndf Y, theny is called thémageof x under for thevalueof f atx. The element
x is called thepre-imageof y. The seiX is called thedomain off and will be denoted byp (). The
range of f, written as R(f), is defined to be the set of images of all elementX.ofhus
R(f) ={f(®, xO % . The range of will be sometimes referred to &s(X). Note an element of
may have no pre-image, one pre-image or several pre-images. For example, in the above function the
element 3 has no pre-image, the element 1 has just one pre-image and the element 2 has two pre-images.
Denoting the set of pre-imagesydby f*(y), we thus seef *(3) = ¢, f (D ={0, f T 2 ={ -1}1

In the same example) (f) ={-1, 0, 1} andR( f) = {1, 2}. The setY is sometimes called the
codomainof Y. If the range of a function is a set of real numbers, the function will be cadlbdalued
or R-valued if the range is a set of integers, the function is cafiesgdjer-valuedif the range is a set of
matrices, the funciton is calladatrix-valuedand so on. As an example of integer-valued function,

consider the set of all students in a class and their ages in completed years. Thus to every student we can
associate a positive integer and hence this function (may be called age-function) is integer valued.
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The functionf (xX) = [X], called thegreatest integer functions also integer valued, i.&;valued
with domainR.

Afunction f: X - Y is calledinjectiveor one-onef different elements oX have distinct images,
e, X %X, X, % 0O XO f(x)# f(%).

From logical point of view this is as good as saying,) = f(x,) 0 X = X,.

A function f: X - Y is calledsurjectiveor ontoif every element of has a pre-image i, i.e.,
Oy Oy, OxO X such thay =1 (x).

This amounts to saying that there are no (excess) elem¥ntsaiving no pre-image, i.&(= f (X) =
R( f). If a function is not onto, it is sometime calladl into function

A function f: X - Y is calledbijectiveif it is both injective and surjective, i.e., one-one and onto.
We now consider examples of such functions.

Example 1: Let X = {1, 2, 3}, Y = {12, 2, 3, 4, 5},f (X) = 2x — 1. Clearly the functionf: X - Y
defined by the give rule is injective but not surjective. The diagram below amply explains the situation.
Note 2 and 4 have no pre-images.

2 and 4 are the (excess) element¥,dfaving no pre-image.

Example 2: LetS={-1, 0, 1}, Y ={0, 1}, g(x) = X*. Clearly the functiong: S -~ T defined by the
above rule is surjective but not injective.

—
s T
Note 1 and —1 have the same image.

Example 3: A={1, 2, 3},B={1, 3, 5} andh(x) = evidentlyh: A . B defined by the above rule is
both injective and surjective.

[ A\
A B

Note A andB have the same number of elements.
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A function f: X - Y is called aconstant functiorif all the elements oX are carried by to one
and the same element 4f

As for example, iK={1, 2, 3}, Y={5, 6, 7, 8},f (X) = 5, then evidentl§(x) is a constant function.

A functioni: X - X is called thadentity functionof X if i (x) = x for everyx in X. Note here an
identity function is defined from a set onto itself and it is always a bijective function. Insteagd of i ,
are also used to denote the identity functioX.of

If f: X - Yandg:Y - Z aretwo functions, then a function can be defined fddm. Z making
use of the rules dfandg. This function is called theomposition functiorand is denoted by, f.
Indeed, g, f is defined by(g, f) (x) = o( f(X) fore everyx O X.

For example, iff: X -~ Y andg: Y — Z be defined by the ruldgx) = 2xand g(x) = ¢, where
X={1,2,3,L,Y={1,23,4,5 6tand = {1, 2, 3, .... 36}, ther(g, f) (X) = 4. This is evident as
(g ) (X = o f(R) ={ { ¥ ? =(2x? =4 X. Diagrammatically this composition will appear as

One can compose three or more functions in the same manner. In facXit- Y, g Y - Z
h: Z - W be three functions, one can defipdg, f) as 0, (9,F)) (X) =h{(g,f) )} = { g (f ()} It

is easy to verifyhy (9o f) =(hy 9 f. Recall that two functionsandg are equal if both have the same
domain and (x) = g(X) for everyx in their common domain.

To every functionf: X — Y we can associate another functibit, called the inverse éfprovided
f is bijective. The inverse functiofi ™ will have its domairY and its rang&.
Thus the inverse of : X - Y is a functionf ™Y - X such that

fL{f(¥} = xO xO X ie., f* carries the image(X) of x back tox. Thus f ™o f =iy.
One can verify alsofq f = iy. Remember the condition of bijectivity bfs a prerequisite for the
existence off * as a function.

For example, iff: X - Y is afunction defined by the relatib(x) = 2x— 1 whereX ={1, 2, 3} and

_ 1
Y={1, 3, 5}, thenf * is a function fron¥ to X defined by the ruld () =S (Y *+ D). This is evident
2

becausef {f(X} =1/4 { x +}11 = (43 2x- 14 1= x for everyx O X. The question arises as
to how can one find the inverse of a function. The following example clarifies the method.

Example: Find the inverses of the following functions:
(i) f:Z - Z defined byf (n) = n+ 1.
(i) f:R - R” defined by f (x) = €".
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(i) f:N - N defined by f (n) = n?
Solution: (i) Heref is clearly bijective and hence it has an inverse. To find the inverse wewsite
(n)=n+1.Son =m-1. Thusf ! (m = m-1 is the inverse function.

(i) Clearly the functionf (x) = € is bijective. Hence its inverse exists. To find the inverse we
write Yy = f(X) = €. Sox=Iny. Therefore the inverse bfs given by f * (y) = Inyy.

(i) The function f (n) = n? is not bijective. In fact it is injective but not surjective. Hence its
inverse does not exist.
Graphs of Functions

The diagrammatic representation of a function is usually referred to as the graph of a function. Set
theoretically, the graph of a functioh: X — Y is a set, denoted by graprand defined by graph

f={(x (%) xO%.
Thus if f: X - Y is defined byf (x) = 2x—1 whereX = {1, 2, 3}, Y ={1, 2, 3, 4, 5}, its graph is
given by

f(x)

6 -
5+ .

4

3 .

2

14 o
M

Set theoretically, graph= {(1, 1), (2, 3), (2, 5)}.
Example: Draw the graphs of the following functions:
(i) f(x) =2x+ 1 defined ou [-3, 3].
(i) f(x)=x+1if x<0,=1-xif x>0Q
i) f(x)=x"ifx>1,=X-1ifx<l
(iv) f(x) =|x- 1 defined orR
(v) f(x)=[x+1] defined on [-2, 2].
Solution: (i) Since y=1 (x) = 2x + 1 is linear irx andy, if represents a straight line.Two points on this

line can be found out by putting= 0 and 1 and obtaining= 1 and 3 respectively. So the points are
(0, 1) and (1, 3). Thus the graph is as follows:



Sets, Relations and Functions 21

T
-3 -2 -1

-
N
w -

Graph of f(x)

(i) The expressiong=x+ 1 andy = 1 —xare linear and therefore represent parts of straight lines
respectively onx < 0 andx > 0. Fory =x + 1, two points are (0, 1) and (-1, 0) andyfer1
—X, two points are (1, 0) and (2, 1). Thus the graph will be as follows:

0. 1)

(i) The expressiony = x* represents a parabola passing through the origin and the expression
y= 2x -1 represents a straight line. So the given function is made of two parts, one is a
segment of a parabola defined for 1, the other is a segment of a straight linexar 1
Thus the graph will be as follows:

f(x)
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(iv) The functionf (x) = |x— 1| can be rewritten as(x) = x —1if x=1, =1 xifx<1l.Forx=1
the straight line segment will be determined by the points (0, —1) and (1, 0) ard Tothe
straight line segment will be determined by the points (0, 1) and (-1, 2).

v ,

(vi) Here we observe that
f(x)=-1if —2sx<-1

=0 if -1<x<0
=1 if 0sx<1
=2 if 1sx< 2
=3 ifx=2.
So the graph will be as follows:
y
3_ —_
P
1-—
_|2 _Il OI 1 X
441 23

Remark: If the graph of a function can be drawn without lifting the pencil or pen from the plane of it is
casually referred to as a continuous function. In the above graphs, note the functioris Jraqd (iv
are continuous.

We conclude this section with the statement of an apparently obvious and candid hypothesis but for
which a large number of mathematical conclusions would have been impossible.

Axiom of Choice: From a family of non-empty sets, a new set can be formed choosing single element
from each member of the family.
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At this moment the deep impact of this axiom cannot be understood but soon the application of this
axiom in proving some basic results will manifest its profundity.

1.6 COUNTABILITY

The notion of countability is an important tool in topology and analysis and needs to be grasped carefully.

Definition: A setX s said to be equivalent (or equipollent or equipotent) to th¥ ehere exists a
bijective mapping fronX onto.

Since the inverse of a bijective mapping is also bijective, it follows readily tKas iquivalent to
Y, thenY is equivalent toX.

This induces one to conclude thaandY are equivalent if there exists a bijective mapping from
one to the other. The fact thais<equivalent tdr is expressed symbolically B¢~ Y.

It follows readily thati) X ~ X, (i) X ~ Y impliesY ~ X, (iii) X ~YandY ~Zimply X~ Z.

A rigorous definition of finite set is the following:

Definition: A set is said to be finite if it is equivalent to the set {1, 2n}.for some natural numbaer.
Analogously we define the following notions.

Definition: A set is said to bdenumberabléf it is equivalent tdN. A set is calleccountableif it is
finite or denumberable

The cardinality oN is defined to bé or (J, (aleph null). Any set equivalentlois said to have the
same cardinality.

The cartesian product of two denumerable sets is also denumberable. Even the cartesian product of
a denumberable number of denumberable. The first result implies that @e®skitional numbers is
denumberable and therefore has the cardinapy]l,. The second result above induces the result that
the set of algebraic numbers is denumberable.

We shall see that a simple diagonal argument will prove that the eétreal numbers is not
denumberable. The cardinal numbeRois defined to be or U, (aleph one). Any set equivalentRo
also has the cardinality,. Thus the seit of irrational numbers has cardinarlity .

An interesting result of much use is the following:

Schroeder-Bernstein Theorem 1.6.11f X is equivalent to a subset ol¥idY is equivalent to a subset
of X, thenX andY are equivalent.

Proof: Letf be an injective mapping froid to Y andg be an injective mapping frond to X. Let
x O X. g(x), if it exiusts, is called the first ancestonofFor convention will be called the zeroth
ancestor ok. The elementf “*{g™ (%}, if it exists, will be called the second ancestox;dhe element
g f g {») wil be called the third ancestor gfIn this way the succesive ancestors oan be
defined. Clearly there are three posibilities:(lhas infinitely many ancestors, (2has even number of
ancestors, (3 has odd number of ancestors. Ketlenote the set of elementsoivhich have infinitely
many ancestors, the set of elements &fhaving even number of ancestors &jjthe set of elements
of X having odd number of ancestors. Thér= X, O X, O X, and X, X, , X, are mutually disjoint.
We now define a functiorF; X - Y as follows:

f(x) if xOX O X,

) :{g‘l(x) it xO X,.
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It is straight forward to prove now thitis bijective. This proves the theorem.

With regard to cardinalities a natural question is whether there are (infinite) cardinals oth&y than
and[J;. Cantor has provided the answer to this question.

Cantor’'s Theorem: The power set of any set has cardinality greater than the cardinality of the set itself.
Proof: A mappingf from a seX into P (X) defined byf (x) = {x} proves that card X) < card P (X))

We need to show that the inequality is strict. If possible suppose it is an equalityftigatibjjective
mapping fromX onto RX). We shall show then that a contradiction arises. &&allX a bad element if

a 0 f(a). Let Bdenote the set of all bad elementsXoNote B 0 P( X). Sincef is surjective, there
existsb 0 X such that tb) = B. If b 0B, thenbis a bad element, but thénJ f (b) = B which is a
contradiction. Again ifo OB, then, b O f(b) = B, again a contradiction. So the assumption of the
existence of a bijective mapping is not tenable. This completes the proof.

Another relevant question in this regard is whether there is any cardinal beiyyeand [, .

Interestingly assumption of the absence of any such cardinal has been proved to be consistent with the
other axioms of set theory just as the negation has been proved to be consistent with the others as well.
This assumption is known to be the Continuum Hypothesis.

Continuum Hypothesis: There is no seX such that], < card (X )<0,.



CHAPTER 2

Topologies of R and R ?

In order to have a motivation for the main results of topology in an abstract spa¢® or particular,
it is convenient to have the related notions studied in the §etofiR?.

2.1 TOPOLOGY OF R

Let R denote the set of real numbers equipped with its natural order. The best characterigigon of
that it is a complete Archimedian ordered field. Familiarity of the reader with the field properties,
density property and order completeness property are assumed.

Definition: Let 0 be a small positive number. Tleneighbourhood of any poiptof R, denoted by
N; (p), is defined to be s€txUR; |[x — pl< d} , i.e., the intervap — &, p+ &) centered ap.

p-0 P p+od

The setNs (p) —{ B is called theleletedd -neighbourhoodf p and will be denoted by{l(5 (p).

Let G be a subset dR. A pointp is called arinterior point of G if there exists & > 0 such that
N5 (p) O G. The set of all interior points @ is called thenterior of G and will be denoted bg° or
int (G).

A setG of R is calledopenif G° = G, i.e., every point o6 is an interior point 06.

The following are simple examples of open setR:0f

() R, (i) ¢, (iii) any open intervala( b), (iv) (-0,b), (v) (a, O)
(Vi) (a,b)O(c d).

The collection of all open sets Bfis called the usual topology Bfand will be denoted by. Thus
(0, 1) QU but [-1, 1]0U. Note that a nontrivial open set Rfis either an open interval or union of
countably many open intervals (which includes sets (&e1) and (-0, b).
It is straightforward to prove that
(i) ¢ ROU
(it) Arbitrary union of open sets is open
(iii) Finite intersection of open sets is open

Definition: A setF of R is calledclosedif F° is open.
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The following are examples of closed sets:

) oR.
(i) Any finite set, e.g., {1, 3/2, 2}.
(iii) Any closed interval, e.g.a[ b].
(iv) Sets like[a, bl O[c, g .
The above observations lead to the following results:
(@ ¢ andR are closed sets.
(b) Arbitrary intersection of closed sets are closed.
(c) Finite union of closed sets is closed.
The notion of closed sets can be arrived at yet through another approach.

Definition: A point p of R is called alimit point (or accumulation poirntof a setF if every

J-neighbourhood gb intersects$- at least at one point other than.e., the deleted-neighbourhood of
p intersects FA limit point of a set may or may not belong to the set.

For example, the set {1, %2, 1/3, ...} has a limit point O which does not belong to the set. On the other
hand, every limit point of [0, 1] belongs to the set (every point of the set is also a limit point). The set {1,
2, 3, 4, 5} has no limit point.

The set of limit points of a sé&tis called thederived setf F and is denoted bly* or D (F).
A setF of R is calledclosedif F' [0 F, i.e., every limit point ofF is contained ir.

Thus [0, 1] is a closed set since every limit point of [0, 1] is a point of [0, 1].

The setF O F' is called thelosureof F and is denoted by .

It is straightforward to prove thé&tis closed iff F = F.

Note that we could have started with the definition of closed sets in this way and thereby arrive at
the usual topology through open sets defined as complements of closed sets.

The question whether an infinite set will always have a limit point is settled by the following result:
Bolzano Weirstrass Theorem: Every bounded infinite set has a limit point within or outside the set.
The proof can be seen in any book of real analysis or in [6].

Definition: A real valued function whose domainNsis called areal sequencer simplysequence.
Often the range of such a function will be referred to as a sequence by convention and will be denoted

by {x} .

A sequencqd x} is said to be bounded if its range set is bounded, i.e., if there exists a real number
k such that|x,|< k for all n

Thus{/3 {( n+)1L/h and{(-2" are examples of bounded sequences.

A sequencegx,} is said to be convergent if there exists a real nuinbetisfying the condition:

For everye > 0, there exists a positive integeg such thatx, — ||< & for all n= n,.

The numbet is called the limit of the sequenég} .

Note that the above definition asserts that evergeighbourhood of contains all but finitely
many terms of the sequence.
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Definition: If {i} is a sequence of positive integers suchithati, <i ;< ...<i, <..., then{x } is

called asubsequencef {x} .

For example the sequencerdllhas a subsequendd/2"} but the sequence {1/2, 1, 1/4, 1/3, 1/6,
1/5, ...} is not a subsequence ofgLl/A sequence may a have a subsequence which is convergent and
another subsequence which is not convergent. For example consider the s¢gpemieined by

Xn

_|y2™d72 it nis even
1-Y2™V/2 if nis odd.

Clearly the sequencgx} is not convergent but a has a convergent subsequence{l1/2, 1/4, 1/8,
1/6, ...}. The sequencenf has no convergent subsequence.

A condition that assures the existence of a convergent subsequence is contained in the following
result:
Theorem 2.1.1: Every bounded sequence has a convergent subsequence.

The proof of this can be seen any book of analysis or in [6].

Definition: A sequencegx} is calledCauchyif for every e > 0, there exists a positive integgrsuch
that |x,, — x,|< & for allm, n= n,, i.e., if the terms of the sequence become arbitrarily close to each
other am gets larger.

A simple argument proves that every convergent sequence is Cauchy. The converse is also true for
real sequences.

Note if {x} isa Cauchy sequence of integers, thenitis of the farm®,, X5, ..., %, k Kk k..},
i.e., the sequence is constant aftermoﬁé term.

Completeness

Definition: A setK or real numbers is said to bempletef every Cauchy sequendex} of points in
K converges to a point iK.
ClearlyZ is complete since every Cauchy sequencg ismiconvergent. The s€ is not complete

since the sequence {1, 1.4, 1.41, 1.412, ... } is convergent and therefore Cauchy with tRER limit
which is not a point of. The seR is complete.

Compactness
Definition: A subset of R is said to be&eompacitf every family of open intervals d&® whose union
containsK (i.e., coverK) has a finite subfamily which also covers K

A result that follows readily from the definition is that every compact set is closed and bounded.

A natural question that arises therefore whether the converse is true because then all compact sets of
R will be fully characterized. Heine and Borel provided the answer to this question.
Heine Borel Theorem: Every closed and bounded seRris compact.

For a nice proof see [6].

The above result provides us plently of compact sefs of
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For example, every finite set is compact. The infinite set {0, 1, 1/2, 1/3, ...} is compact. Every
closed and bounded interval is compactRutself is not compact.

Connectedness

Definition: A setK of R is said to be connected if the segment joining any two poirkKdies inK.
It is immediate from the definition that a connected set is an interval, finite or infinite.
It must be of one of the forms,[b], (a, b], [a, b), (-0, b), (O,b],(a,0) [ a,0) or (-0O,0) .
ClearlyR is connected bu® is not, neither i$. The set(0, 1) O (2, 9 is also not connected.

Note that the union of two connected set®Rineed not be connected but the intersection of two
connected sets is connected.

2.2 CONTINUOUS FUNCTIONS AND HOMEOMORPHISMS

We begin with the local concept of continuity and then pass on to the global concept.

Definition: A function f: R - R is calledcontinuous at a poinp if for every € > 0, there exists a
0 >0 such that

[f(x) - f(p)|< ¢ for all xsatisfying|x — p|<d
ie., x ONs(p implies f(x) ON,(f(p).

Note the choice 0d depends on bothgnd €. If in particular it does not depend upprthen the
continuity is known as uniform continuitA function f: R - R is said to becontinuousif it is
continuous at every point &.

An interesting characterization of continuous functions is the following:

The proof is an easy consequence of the definition and can be seenin[ ].

That the functiorf (xX) = sinx is continuous can be visualized from the following diagram:

fcd=(abO(pql..., f e, d)=¢ f %, d) =R

From the above definition it follows that a functibis continuous on any subdatof R if it is
continuous at every point &f but if D contains some isolated poingsgointp is an isolated point of a
setD if there existsd > 0 such thatN;(p) n D = @), then for continuity at these points it is enough to
verify whether the function is defined at these points or not. From definition it follows that every uniformly
continuous function is continuous.

Some important results worth noting are the following:

(& The continuous image of a compact set is compact and therefore bounded and closed.
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(b) The continuous image of a connected set is connected and therefore is an interval.

(c) If Ais a dense subset Bf then every uniformly continuous function Arcan be extended
uniquely as uniformly continuous function Bn

Definition: A bijective functionf from R ontoR is called shomeomorphisnf f is bicontinuous, i.e.,
bothf and f ™ are continuous.

Clearly the functiorf (x) = 3 — 2 is a homeomorphism #ss bijective and botfiand f ™ are
continuous, bug(x) = sinx is not a homeomorphism g&) is not surjective and hence is not bijective
though it is continuous.

2.3 TOPOLOGY OF R?

The usual topology dR? can be introduced in many ways but the easiest would be to follow the
steps as oR.
Definition: The &-neighbourhood of any poing(b) of R? is the set{(x, ) OR?% (x-a)?+

(y - b)? <32}, This is a circular neighbourhood of, (@ and is often referred to as the open disc
centered atg, b). A square neighbourhood or a rectangular neighbourhood or an elliptic neighbourhood

can also be defined in a similar way.dAneighbourhood will be denoted by;(a, b) or §(a b.
A point (@, b) is called arinterior pointof a set in R?if there existsd > 0 such thatNs(a, b) 0 G.

The set of all interior points & will be denoted byG® or int (G) and will be known as the interior
of G.

0 X

A setG in R?is called open ifG = G°, i.e., every point o6 is an interior point.

y
y y
X 0 X 0 X
(bounded) open set (unbounded) open set (unbounded) open set

The complement of an open set ihiR called alosedset.
The collection of all open sets RF is called theusual topologyof R? and will be denoted by.
It is easy to verify that

(i) R?is an open set

(i) Union of any number of open sets is open
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(iii) Intersection of finite number of open sets is open.
Trivially the set® is an open set.

Since everyd-neighbourhood of a point & contains a square neighbourhood of the point and

vice versa, it follows that the topology obtained &yneighbourhoods will be the same as the one
obtained by square neighbourhoods.

y y

O

0 X 0 X

Definition: A point (@, b) is called aimit point of a setk in R? if every J-neighbourhood ofg, b)
intersectK at least at one point other thax lf).

The limit point of a set may or may not belong to the set. The set of all limit polts chlled the
derived sebf K and is denoted b’ . The closure of a s&t, denoted byK, is defined ask O K'.
It is easy to verify that a sEtin R?is closed ifF = F.
For closed sets the following properties can be proved easily from similar properties of open sets:
(i) R%is a closed set.
(i) Union of finite number of closed sets is closed.
(iii) Intersection of any number of closed sets is closed.
The set@ can be proved trivially to be a closed set.
Observe that
(a) Every finite set is closed.
(b) Union of any number of closed sets need not be closed.
O

For exampled [0, 1- ¥n]? =[ Q ) which is not closed.
n=1

(c) Interestingly the sef(0, y); 0< y< } is closed but the s€(0, y); 0< y<1} is neither
open nor closed.
Definition: A setK is R? is calledoounded if there exists a real numbsuch thatK O S (0, 0).
Bolzano Weirsstrass theorem likeRngives a condition for the existence of limit points of a set in
R

Bolzano Weirsstrass Theorem:Every infinite bounded set iR? has a limit point within or outside the
set.

A proof of this can be seen in any book of analysis or in [6].

Definition: A function f:N - R? is called a sequence RF. A sequence can also be given by its
image{(X,, ¥»); nON.

A sequence ifR? is bounded if its range set is bounded and this is equivalent to the boundedness of
both the sequencds,} and{y} inR.
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A sequencdX,, Yn) is said to be convergeifithere exists(x,, y,) OR? satisfying the condition:
For everyg > 0, there exists a positive integeysuch that

V(% = %)2 + (Yo = Yo)? <£ forall nzn,.
e, (%, Yn) = (%, Yo) < € forallnzng.

The point(X,, ¥,) is called theimit of the sequencéx,, ¥,)- Itis easy to prove that for a sequence
in R? there exists, if at all, exactly one such point. It can be further observed that the sdauebige

converges iR? if and only if{x} and{Ys both coverge iR.

A simple result worth noting is that every convergent sequence is bounded but the converse need
not be true.

A sequenceX,., Y,) is said to be Cauchy in’i for every € > 0, there exists a positive integey
such that

| (Xs Yir) = (X0 Vo) |I< € forall m nz n,.

e, (= %)? + (Y~ Y2 <€ forall m n= n,.
i.e., the terms of the sequence get closer to one anotheyeds larger.
Note that every convergent sequence is Cauchy.
A setK in R? is said to b&ompletef every Cauchy sequence knconverges to a point iK.

Note that R is complete but the sdf1, 3,(22 12,( 13 A)3,...} is not complete since the
sequence being convergent is Cauchy but the limit (0, 0) does not belong to the set.

Compactness

The notion of compactness is very much the sameRs in
A set inR?is compact if every open cover has a finite subcover.
The argument needed to prove that every compact set is closed and bounded is also similar to that
for R.
Heine Bortel Theorem: Every closed and bounded s€tiR compact.
As inR, we have the following results Rf.
(i) Every finite set is compact.

(i) R?is not compact sinc§(—n, H% nON is a cover oR? which has no finite subcover.
(iii) [a b] % [c, d] is compact.
Connectedness

A non-empty seK in R? is disconnectedf there exists open sets andH of R? such that
K=(KnG)O(Kn H) and(K n G) n (K n H) =¢. Anon-empty set is callecbnnectedf it is
not disconnected.

A connected open set RY is called aregion

A non-empty seK is said to bdocally connectedf every neighbourhood of a point 8 has a
connected neighbourhood.
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The open unit disc is connected and hence is a region.

The set K={(x, ) OR% -1< x<1,-1< y< 2 O{( x Yy OR? 2< x< 3- K y 1 is
disconnected, because the open Bts {(x, y OR% x<32 and H={(x, ) OR% x>32
satisfy the requirement& = (K n G) O (K n H) and(K n G) n (Kn H)=¢.

ThesetS={(x ¥, X+ ¥<3 0{( x)y( x2?+ §<} isalsodisconnected since the sets
U={(xY; x<23 andV ={(x y; x>13 satisfy the requirements for disconnection.

Connected Disconnected Disconnected

2.4 CONTINUOUS FUNCTION AND HOMEOMORPHISM
A function f: R? - R? is calledcontinuous if the inverse image of any open disc is op&f.in
Clearly the functiori (x, y) = (2y + 1, ¥ — 1) is continuous
fH(Ss(a B) ={( % ¥ (2 y+1- p*+(3x 1- ¥ <%
={(x, ) Ax-{1+p/B* + B y{ a}1)2° <&

1+8/3° (yH{a-p/p®
5%/9 * 5%/4 <3

is an open set and in fact an open ellipse. (an elliptic region withou its boundary)

= {(x, y; &

y - y
I', /‘l]/f_\\\/ . \\Sé(a, b)
i i v (ab). !
0 = X 0 X

Definition: A bijective function f: R? — R? is called ahomeomorphisnif f is bicontinuous, i.e.,

bothf and f ™ are continuous.
The above example of a continuous fucntion is in fact a homeomorphism.
The results that play a significant role in analysis are the following:

(a8 The continuous image of a compact set is compact and hence closed and bounded.

(b) The continuous image of a connected set is connected.
(c) If D be a dense set R? then every uniformly continuous function frainto R? can be
extended in a unique way RY.



CHAPTER 3

Metric Space

Metric spaces have many interesting properties, which are analogous to tRysebmetric spaces

are more general than the Euclidean sp&’esThus metric spaces provide a generalization of the
Euclidean spaces offering more flexibility. In this chapter we shall explore these generalization in the
metric space set up.

3.1 SOME DEFINITIONS
We begin with the definition of a metric space.

Definition: A non-empty set Xequipped with a functiom: X x X — R* O {0} is called ametric
spaceif the following conditions are satisfied:
(i) dix,y) =0ifand only ifx=yfor x, yOd X
(il) d(x,y) =d(y, x) for x, yOd X [Symmetry
(i) d(x, 2<dx y+ dy yforx, vy zO X [Triangle inequality
The functiond is called ametricon X.

Since on a set several metrics can be defined, a metric)spacgpped with the metritis usually
referred to by writingX, d).

Example 1: The seRR is a metric space with respect to the metritefined by
d(x, y) =|x- yfor x, yOR
Solution: Clearly d(x, y) =0 for x, yOR.

Since |x-y| = 0 iff x=Yy, the first condition follows easily.
Further, sincex|-y| = |y —x |, the second condition is obvious.

Evidently, [x —z|=|x =y +y —zE |% y} |y z|the triangle inequality follows.
Remark: The above metric dR is called the usual metriof R.
Example 2: The seRR is a metric space with respect to the metficdefined by
d'(x, y) =1if xz vy
=0ifx=yfor x, yOR
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Solution: Evidently by definitiond’(x, y) = 0 andd’(x, y) = 0 iff x=y.
Further, by definitiond’(X, ¥) = d'( Y, 3. The triangle inequality follows easily.
Hence(R, d') is a metric space.

Remark 1: This metric is known as thdiscrete metriof R.

Remark 2: Exactly the same way we can make any non-empty set a metric sapce, which will be
referred to as a discrete metric space.

Example 3: The setR" is a metric space with respect to the mepicefined by
p(x,y) =Ix= yllfor x, y OR"
1/2

where||x [|= (%> + %2 + ..., %2) and x = (X, %, ..., %,)

Solution: Clearly p(x, y) =0 iff x =y.
The symmetry is also obvious

P, ={2 (¥~ 2B =L 5( x= y= y= )"

=(0(x -W +H(y-2°+Ax-Y(y-M}™”
=A% -WAF 2 By - kP ¥ 2420 x - w22 ¢ y-)a2H® ¥2
={3(% - W2+ y-DZ+23(x- W (y- M2

<X - WAy -7 +AX x- 2 y- 21 YR
by Cauchy-Schwarz inequality

=[50 - WA+ - A= x Y+ Y )2
Remark: The above metric is known as thsual metricof the spaceR".

Example 4: The setR" is a metric space when equipped with the meltdefined by
n
d(x ) =3 X -yl

Solution: Evidently d(x, y) =0 andd(x, y) =0 iff x=y.
The symmetnd(x, y) = dy, X) is obvious.
For the triangle inequality we note that

d(x, 2)=i§1I>f— zlsigllx— yl+i§l ly- izl

=d(x, y) +d(y, 2
Remark: The above metric is called thectangularmetricof R".
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Example 5: The setR" is a metric space when equipped with the metric
d*(x y) = max|x - y|
Solution: Evidently d*(x, y) 20 andd *(x, y) =0 iff x=y
The symmetry is obvious for triangle inequality we note that

d*(x, 2 = max|x — z|= max| x- y+ y- Z|
1<i<n 1<i<n

< max|x — y|+ max]y - z|

1<i<n I<isn
=d*(x, )+ d(y 2
Hence(R", d*) is a metric space.

Example 6: The setC;[0, ] of all real-valued continuous functions defined on [0, 1] is a metric space
with respect to the metric defined as follows:

d(f, 9) = sup {lf(x) —dx) |: x O[O0, 1} where f, g 0G0, 1
Solution: By definition, d( f, g) = 0 andd(f, g) = 0 iff f(x) = g(x) for all x [0, ]
The symmetry is obvious. For triangle inequality observe that
d(f, h) = sup {[f(x) - h(x) |; x O[O0, 1}
=sup {|[f(¥) —dgx) +9(x) —h(x) |; x O[O, 1}
ssup{f (x) - g(x¥)[; xJ[0, 1} +sup{|d ¥ - b x] [0}

=d(f, g) +d(g, h)
Hence the result.

Remark: This metric measures the longest distance between the graphs of the two functions
f(x)

g

da(f. g a~(f. g)
Fig. 1

Example 7: The setC;[0,1 of all real-valued continuous functions defined on [0, 1] is a metric space
with respect to the metric defined as follows:
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d*(f,9) = [[|1(9 - o ] dxwhere 1, g D, 1]

Solution: The non-negativity ofl*( f, g) is obvious. Furtherd*(f, g) = 0 iff f = g. The symmetry
follows trivially. For triangle inquality observe that

d (1,1 = [ 113 = H3ldbs [ 10 x= g Xl e [ [@p ()N ox

=d*(f,g+d(gbh
Hence the result.
Remark: This metric measures the area between the graphs of the two functions.
Definition: Thediameter of a set A& a metric space (M), written asi(A), is defined as follows:
d(A) =sup{d(x y); x yO M
Clearly the diameter of a circular region, called a circular disc, is the same as its normal diameter.

The diameter of an elliptic disc is the length of its major axis. The diameter of a rectangular region is the
length of its diagonal.

- =

Fig. 2

Definition: Thedistance between a point p and a séh A& metric spacaV, d), written asd(p, A), is
defined as follows:

d(ip, A=inf{d p x xJ A
Intuitively it is the shortest distance between the ppiaind the points oA, i.e., the distance
betweerp and the point oA nearest t@.

0 D

Fig. 3

Definition: The distance between two sets A andnBa metric spaceM, d), written asd(A, B), is
defined as follows:

d(A B =inf{d x ¥y; xd Ayl B

It is clear that the distance between two sets is the shortest distance between the points of one set
from those of the other.
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Fig. 4

Example 8: If 4={(x,y)eR* xy=1}and B = {(x, y) € R?; y =0}, find d(4, B).

Solution: Since the distance between the hyperbola x y = 1 and the x-axis can be made less than an
arbitrary positive number g, inf{d(x, v);x € A, y € B} =0 Sod(4, B) = 0. [Fig. 4(a)]

Example 9: If 4 = {(x, y) e R";2x + 3y =5} and p = (1, 1), find d(p, A).

Solution: By definition d(p, 4) is the shortest distance between the point and the straight line. Hence..
d(p, 4) =|2(1) + 3(=1) - 5)/V13 = 6/4/13.

Definition: A set 4 in a metric space (M, d) is said to be bounded if d(A) is finite, i.c., d(A) < . A set

is called unbounded if it is not bounded.
Note that every finite set is bounded. A circle is a bounded set but a straight line is an unbounded set

in R%.

3.2 TOPOLOGY OF METRIC SPACES

In this section we shall establish the fact that a metric space is a topological space in the usual sense of
topology. To this end we begin with a few definitions.

Definition: A J-neighbourhood of a point p in a metric space (M, d) is defined to be the set
{x e M;d(p, x) <6} where § > 0. This is usually referred to as an open &-ball or open §-sphere with
centre at p. Sometimes this is written as N5(p) or Sg(p). The corresponding closed 6-ball is defined
to be the set {x € M; d(p, x) <6} and is denoted by ]Vé(p) or §5(p),
A 3-nbhd of a real number x in R equipped with the usual metric is (x — §, x + §).
In R?, let us define three metrics d,, d, and d, as follows:
di(x,y) = {(x; = )" +(x; = y,)*}""
dy(x, y) = |x; =y |+ |x; = p,
dy(x, y) = max {{x; — y;|, |x, = », [}

@ .

-nbhd by d, §-nbhd by d, 8-nbhd by d,
Fig. 5
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Definition: A pointpis called annterior pointof a set Gs a metric spacé, d) if there exists & > 0
such thatsé( pO G

Note that every interior point @ is a point ofG.
The set of all interior points d@ is called thenterior of G and is usually denoted by inB) or

simply G°. Note thatG® O G by definition.

Note that the interior of the set [0, 1]Rwhen equipped with the usual metric is (0, 1) and the
interior (0,1) is (0, 1). The interior of any finite set is the empty set.

Definition: A set Gin a metric space\, d) is said to bepenif G° = G, i.e., every point oG is an
interior point.

Note that the set (0, 1) is operRnThe sef(x, y) OR?% x* + y? <1} is open in Rand is known
as the open unit disc iR?.

Theorem 3.2.1: The opend-sphere S;( p is an open set iR2 when equipped with the usual topology.
Proof: Enough to prove that every point & ( p is an interior point. To this end let us take an

arbitrary pointg 0S;( P. So if we chooser < (1/2) ||p - q|} thena >0 and S, (9 O S( p. This
impliesq is an interior point. Hence the result.

Theorem 3.2.2: In a metric spacéaM, d) the following are true:
(i) @ andM are open sets,

(i) E/\ G, is open when eac, is open,
a
n

(iii) o H; is open when eachHi; is open,

Proof: (i) Trivial

(i) Let p Da%\ G, when eachG, is open. Thenp UG, for somea, OA.

Since G, is openpis an interior point of5,,. So there existd > 0 such thatS;(p O G,.
HenceS;(P O O G. This implies thatl G, is open.
alA alA

n
(i) Letq Digl H, when eachH; is open. Therg OH, for eachi.

Since eachH; is open, there exist§, > 0 such thatS; (9 O H for eachi.
Choosed = min {0,,J,,...,0,}, thenS;(9 OO H.

n n
Henceq is an interior point ofﬂ1 H;. This implies tha’m1 H; is open.
1= 1=
Remark 1. The condition i{) above implies that the union of any number of open sets, countable or

uncountable, is open but the conditiéin) (implies that the intersection of finitely many open sets is
open in a metric space.
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Remark 2. The collection of all open sets in a metric space satisfying the above four conditions is
usually referred to astapologyof the metric space.

Definition: A point p is called alimit point of a setX in a metric spaceM, d) if for every
0>0,Xn(S(P-{P #e¢ ie., every deleted-neighbourhoodof p intersects.

The set of all limit points oK is called thalerived sebf X and is usually denoted by’ .

Clearly the point 0 is a limit point of the st ={1, 1/2,..., ¥n,..} inR equipped with the usual
metric as for every > 0, S;(0) intersects the set. Here’' = {0}. The derived set of the set (0, 1) is [0,
1] as every point of (0, 1) is a limit point of (0, 1) and so also are 0 and 1.

The closure of a seK, written as X, in a metric spaceM, d) is defined asX 0 X'. Thus
X = X O X'. Thus the closure of a set is obtained by adjoining to it all its limit points.

A setF in a metric spaceM, d) is said to belosedif F' O F, i.e., every limit point of is a point

of the set.
Clearly every finite set is closed as the derived set of a finite set is the empty set and the empty set

is a subset of every set. The set [0, 1Riis closed whemR is equipped with the usual metric.
Theorem 3.2.3: The following are equivalent:

(i) Fis closed

(i) F°is open,

(i) F=F
Proof: (i) < (i)

Let F be closed. Then to show th&f is open, it is enough to show that every poinfdfis an
interior point. To this end take an arbitrary pgirih F©. SinceF is closed it cannot be a limit point of
F. So there exists @ >0 such thatS;(p n F=¢, i.e., S;(d O F°. But this implies thap is an
interior point of F¢. Thus F° is open.

Conversely, letF° be open. To show thétis closed we shall show that every limit poinFahust
be inF, i.e., no point ofF° can be a limit point of. To this end take an arbitrary pomof F°. Since
F° is open, gnust be an interior point df . Hence there exists@> 0 such thatS;(g O F°. But

this implies that] cannot be a limit point df. Thus no point ofF® can be a limit point of. HenceF
is closed.

(i) = (i)
Let F be closed. Then by definitios’ 0 F. HenceF =F O F' = F sinceF' O F.
Conversely, letF = F F O F'. HenceF' O F. This impliesF is closed.

Remark: The above theorem in no way conveys the message that an open set cannot be closed or vice
versa. We have already seen that in the metric spaad,(M is open and since it is the complement of

@ in M, it is closed also. It should be noted a set may be neither open nor closed. For example the
interval (0, 1] is neither open nor closedRwhen equipped with the usual topology. Every subset of a
discrete metric space is both open and closed.
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The following theorem is an analogue of the corresponding results on open sets.

Theorem 3.2.4: The following are true in a metric spadé, d):
(i) @ andM are closed
(i) The intersection of an arbirary family of closed sets is closed
(ili) The union of a finite family of closed sets is closed.
Proof: (i) Trivial.

(i) Let{F;} 4on be an arbitrary family of closed sets.

Then eachF,° is open. Hence%\ F,° is open.
a

’ C\C - C\C - |:| F H .
Therefore by De Morgan’s Iavs(,a%\ F) (aB/\ F°) O Fais closed
(iii) Similar to {i).
Definition: A setF is said to bgerfectin a metric spaceM, d) if F = F'.

From defintion it is clear that every perfect set is closed but the converse is not true. An example of
a perfect set is [0, 1] iR equipped with the usual topology. One of the most beautiful examples of a
perfect set is the Cantor set.

Definition: A setG is said to be dense ¥iin a metric spaceV(, d) if G O X.

A setG is calleddenseleverywhere denyé G = M.

A setH is callednowhere densié (H)° = g, i.e., the interior of the closure Bfis empty.

As for example, the s of rational numbers is denseRrwhen equipped with the usual topology
and any discrete set is nowhere dende.iiihe set (0, 1) is not nowhere dense.

Proposition 3.2.5: If N is nowhere dense in a metric spaee @), then (N)® is dense.
Proof: If possible let(N)° be not dense. Its closure is a paper subgddt bfence there existp 0 M
and an open set G such that1G and G n (N)° = ¢.

Then pOG O N and sop O(N)° but this is impossible d¥ is nowhere dense. i.g(N)° = .

Hence N is dense.

Proposition 3.2.6: If G is open andN is nowhere dense in a metric spabk ¢), then there exist
pUOM andd >0 suchthatS;(p O GandS;(pP n N=¢.

Proof: Let H=G n N. ThenH OG and H n N = ¢. Further,H is non-empty as G is open and
(N)® is dense. Takg O H. AsH is open, there exist$ > 0 suchthatS;(p 0 GandS;(p n N=g.
Definition: A metric spaceN|, d) is said to beseparableif it has a countable dense subset.

An example of a separable metric spade squipped with the usual metric, Rshas a countable
dense subs&. Analogously,(R", d) is separable whenid the usual metric ifR".

Note a discrete metric space is separable if and only if it is countable. Thus an uncountable set with
its discrete topology is not separable.
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Definition: A point pis called arexterior pointof a setK in a metric spaceM, d) if it is an interior
point of k¢

The set of exterior points of a g€is called theexteriorof K and is usually denoted ekt K).

A pointq s called eoundary poinbf a seK in a metric spaceM, d) if every § -neighbourhood of
g intersects botk and K€ i.e.,q is a limit point of botK and K°.

The set of all boundary points of a #ets called the (topologicaoundaryof K and is usually
denoted byodry (K) or K.

ThusdK = K n KC.

As for example iK = (0, 1), then its boundar§K ={0,}. The exterior oK is (-, 0) O (1, [J)
in R.

3.3 SUBSPACE

In this section we shall see how from a given metric space we can construct other metric spaces.
Definition: LetY be a subset of a metric spabé ().

Then the functiord: M x M — R* O {0} restricted to the sef x Y is also a metric, called the
induced metrionY. This metric is usually denoted la,

The metric spacé¢Y, d) is called a subspace dfl{ d).

Thus (0.1) is a subspace of the metric sgageghen induced by the usual metricRf

Itis very natural to inquire about the nature of the open sets and closed sets of a subspace in relation
to the original space. The following theorem clarifies the position.

Theorem 3.3.1: Let (M, d) be a metric space afvtbe a subset d¥l.

Then {) a subset Hf Y is open in the subspad¥, d,) iff there exists an open g8tin (M, d) such
thatH=GnY

(i) a subsef of Yis closed in the subspaf¥, d,) iff there exists a closed s¢tin (M, d) such that
F=KnY.

Proof: (i) LetH be an open set M Then for every in H there exists a sphe@Y( y) in the metricd,
suchthatS,(y) O Y. SoH =0{S.,(y; yO ¥. ButsinceS,"(y) = S( ¥y n YwhereS,(y) is the
g-sphere ini1,d), H=0{S."(y n ¥ = Hn Y whereH =0{S(y; yO ¥ isopenin (Md).

Conversely, letH =Y n G whereG is open in {, d). To show thaH is open in(Y, d,), let us
take a pointp [JH. Then asp G and Gis open, there exists an> 0 such that the sphei®.( p in
the d metric is contained ikl. But then SEY( P=S(pn YO G ¥ HThis proves thap is an
interior point ofH in thed" metric.

HenceH is open in(Y, d").

(i) Similar to ).
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Definition: The set of all open spheres of the metric spaceal(Mgether withM and the empty sep
is called abaseof the topology of the metric space. It is easy to note
(i) every open set is a union of some open spheres of the metric space,

(i) for every poink belonging to an open 98tin M, there is an open sphe&suchthax O SO G

Note that the topology of a metric space may have several bases.

Two bases are said to bquivalentif for every pointx belonging to a memb& of the first base
there is a membe®' of the second base such thatl S [ Sand vice versa.

Evidently two bases generate the same topology.

3.4 COMPLETENESS
Convergence plays an interesting role in any metric space. In this section we discuss some of its special
features.

Definition: A sequencex, is said to beonvergenin a metric spaceV, d) if there exists a pointix
M satisfying the condition that for evegy> 0, there exists a positive integeg such thaid(x,, X) < ¢
for all n>n,. The pointxis called dimit of the sequence. The fact that the sequeqceonverges to

x is denoted bylim x, = x or simply lim x, = x.

n- o

It is to be noted that if a sequenge converges, it converges to a unique limit. In fact if it is
supposed thak, converges to and also tg, then for an arbitrarg > 0 there existn, andn, such
thatd(x,, X) <&/2 foralln=n, andd(x,, y) < €/2 for all n = n, and hence by the triangle inequality
we see

dix, y<sd(x x)+ dx, ¥y= dx X+ 0x W<e/2+e/2=¢ for n>max{n, n}.

But the arbitrariness of implies thatd(x, y) = 0 and thereforg =y.

The sequences, =1/n is evidently convergent and converges to the limit 0.

Definition: A sequencex, is said to beCauchyif for every £ > 0, there exists a positive integer no
such thatd(x,, ;) <& for all m, n> ny.
For example the sequende'r} is Cauchy.

A very natural question that arises in this connection is what relation exists between convergent
sequences and Cauchy sequences. The following theorem gives an answer to this question.

Theorem 3.4.1: Every convergent sequence is Cauchy but not conversely.
Proof: Let x, be convergent with limix. Let € > 0 be arbitrary.

Then there exists, (ON such thatd(x,, x) <&/2 forall n> n,.

Now let m, n> n,. Then

d(%m %) < A 3+ d X ¥)
=d(X, Y+ d %, y<el2+e/2=¢.
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Hencex, is Cauchy.
For the converse consider the metric space (0, 1) equipped with the induced usual metric and the
sequencdl /1} . Clearly the sequence is Cauchy but not convergent.

Theorem 3.4.2: Let (M, d) be a metric space arifl J M. Thenx OK' iff there exists a sequence
in K such that limx, = x.

Proof: Let x OK'. Thenforevery >0, S;(X n K# ¢. So if we choos& = 1/n, we get a sequence
X, in S5(X n K such thatd(x,, X <1/n This is our desired, which lies inK and converges ta
Conversely, letx, be a sequence K, converging to«. We shall show thak [0 K'.

By definition, for everye > 0, there exists a positive integey, such thatd(x,, x) <& for all
n=nr,. Thus for everye >0, S,( X n K# ¢. This implies thatx 0 K'.

Definition: A metric spaceN], d) is said to be&eompletdf every Cauchy sequence in it is convergent.
Note that the metric spaéeis complete when equipped with the usual metric but the metric space
(0, 1) is not complete with respect to the induced metric.

Example 1: Prove that the metric space; [0, 1] is complete when equipped with the meti{t; g)
defined by:

d(f. g) = max|f (x)~ g(xlfor f, 9o &[0.1]
x[10,
Solution: Let f, be a Cauchy sequence @x[0,1]. Then for everye <0, there exists a positive
integer no such thad( f,,, f,) <& forall m, n= n,.

That is, max |f, (x)— f,(x)|[< & forall m, n= n,
X107

That is,|f,(x) = f,(X)|< € forall m, n> n, and for allx O[O, 1.
By Cauchy'’s criterion the sequendg(x) converges uniformly t6(x), say.
This means every Cauchy sequence is convergett [, 1] . Hence the result.

Example 2: The metric spac€;[0, 1] is not complete with respect to the metli¢ f, g) defined by

di(f, 9) :joll f(X) - o Y| dxwhere f, g 0C;[0, 1.

Solution: We shall present Cauchy sequence here which will not be convergent in the above metric.
Consider the sequence

f.(X)=n when0< x < 1/n?
=1/J/x whenl/n®<x<1

We shall show now that, is Cauchy but not convergent.
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Form>n, we see
1
Ay fn, o) = [[1T09 = foldx
1/m? 1/n? 1
= _[0 |m = n| dx+ Lmz W+ x - n+ .[/nz W x- 1 x| dx
1/n?
=(m-n)/nf + [2\/_)(— n>}l/mz
= 1/n — 1im which tends to 0 am andn tend to infinity.
Now we show that the limit of this sequence does not belomgxk6, 1, i.e., not continuous.

Let f, converge td. Then observe that

dy(fo. 1) = 11,00 = F(3)] dx
0

:j“”zm— f(x)|dx+_[l W x- ()] dx
0 1/n

Since the integrals are non-negative, lirf,, f) = 0 will imply that each integral on the right
must approach zero.
This gives
f(x) =UVxif 0<x<1
=0 ifx=0
Evidentlyf is discontinuous. Henc&C: [0, 1, d,) is not complete.
Example 3: The metric spacél, d) is complete.
Solution: Let x, be a Cauchy sequencelipand letx, = (3", a", &", ..., ", ..).
Since x, is bounded, there exists> 0 such thaja," |< k forall i =1, 2,...to [J.
Since x,, is Cauchy, for everg >0, there exists a positive integag such that
d(X,, X,) <€ forall m n=n,.
i.e.,supp™" - a" ke forallm nxn.
Hencela™ - g"|<¢ forall m,n>2 n, and alli =1, 2,...to 0.
We now observe that for eaich{a,*, g 2 ..} isaCauchy sequence and hence converggs &ay.
Hence makingn - 0O, we get
|3 —q”|gg forall n=n,.
Thus|a |< g —a" |+ 3" ke + kforalli.
This implies that the sequenga} is bounded. Henca ={a} Ol-.
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Hencel is complete.
The following theorem is of immense importance.

Theorem 3.4.5: Let (M, d) be a complete metric space afide a subspace bf. Then Yis complete iff
Y is closed inii, d).
Proof: LetY be closed inNJ, d) and x, be a Cauchy sequenceMnThereforex, is Cauchy irM and

hence convergent . Let it converge tax [0 M. Then either all but finitely many, = x or all x,’s
are distinct and is a limit point of the sefx} . In the first casais inY and in the second casellY
asY is closed. Henc¥ is complete.

Conversely, lety be complete ang be a limit point of Y For each positive integdt. S/n( )
contains a pointy, in Y. Clearly y, converges ty and hencey, is Cauchy. Sinc& is completey
belongs toY. ThusY is closed.

Definition: A sequence{A} of subsets of a metric spackl,(d) is calleddecreasingif

ADOADOAD..OADO..
In complete metric spaces such sequences of non-empty closed sets have an interesting feature
given by the following theorem:

Cantor Intersection Theorem: If {F} be a decreasing sequence of non-empty closed subsets of a
O

complete metric spac#/( d) such thatd(F,) tends to zero, thef = n F, is a singleton set.
n=1

Proof: First we note that lEannot contain more that one point as in that cif$e) will fail to tend to
zero.
Next we choosex, from eachF,. Sinced(F,) tends to zerox, must be Cauchy.
Therefore it must be convergentids complete. We shall show that its liritsay, belongs t6.
If possible, letxO F. ThenxO F,, for somen,J N.

Henced(x, F,,) =r>0.Butasd(x F,,)=inf{d x ¥, yO Fg andF,, isclosedS (X n
Fro= @. Thereforex,O0 F,, for all n= n,. This implies X,00 §2(® which is impossible as is a
limit point of x,. Hencex must belong td-.

Definition: A metric spacel, d) is said to be the first categoryNf can be expressed as a union of
countably many nowhere dense sets.

A metric spaceN], d) is said to be of theecond categoriy it is not of the first category.
We shall now prove one of the most beautiful and useful theorems of topology.
Baire's Category Theorem:A complete metric space is of the second category.
Proof: If possible let /1, d) be a complete metric space which is not of the second category. So it must
be of the first category and therefore there exists a countable family of nowhere defisg} sstech
thatM =0 N;.
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Since N; is nowhere dense in Mhere existsp 0 M and &> 0 such thatS;(p) O G and
S5(P n N=¢. Chooseg; = 5,/2. ThenS,(p) n N=¢.
Again, S;1( p) is open andN, is nowhere dense M. Hence there exitp, 1 M andJ, >0 such

that S5(R) 0 S B O $( B andSsa(p) n No=0.
Chooses, = 5/2< &/2=05,/4.ThenS,,(p) 0 S1( p) andS,,( ) n N,=@.
Continuing in this manner we get a sequence of non-empty closed sets

~Sea(m)D S3(R)D S2( PO S( P
such that for every positive integer S;n( @) N N,= ¢ and &, < &/2".

As d(Sn( ) =&, 0 asn — [, by Cantor Intersection Theorem it follows thatS,,( p,) # ¢.

Let pdn S,( ). Clearly pO N, for eachn. But this is a contradiction. Hené4 must be of the
second category.

3.5 CONTINUITY AND UNIFORM CONTINUITY

So long we had been busy discussing the various structures of a metric space. Now we concentrate on
relations between metric spaces. To this end we begin with some definitions.

Definition: Let (X, d;) and(Y, d,) be two metric spaces. A functidn X - Y is said to beontinuous
at a pointa of X if for every € > 0, there exists & > 0, depending ore and a such that
d,(f(x), f(a)<e wheneverd;(x a) <d.
ie., f)O0S(f(g)<e wheneverx [ S5( 3
e, (S0 (TP
A function f: X - Y is said to beontinuous if it is continuous at every pointof
A function f: X - Y is said to besequentially continuoug f(x,) converges tof(x) inY
wheneverx, converges ta in X.
The following theorem gives useful characterizations of continuous functions.
Theorem 3.5.1:Let f: (X, d;) — (Y, &) be a function. Then the following are equivalent:
(i) fis continuous
(ii) fHG) is open for every open sétof Y
(i) f7Y(F) is closed for every closed $epf Y
(iv) fis sequentially continuous.
Proof: (i) O (ii)
Let f: (X, d;) - (Y, &) be continuous an@ is open inY. To show thatf 1@G) is open inX, it
is enough to prove that every point 6f*(G) is an interior point. Letp 0 f(G) and £ >0 be
arbitrary. Thenf (p) O G and becaus@ is open, there exists > 0 such thatS,( f(p) O G Asfis
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continuous atp, there exists a(¢, p) >0 such that f(S;(pP) 0 S( { p) O G Therefore
Ss(P O f1(G. Hencepis an interior point off ~X(G).

(i) 0 @)

To prove thatf: (X, d;) - (Y, &) is continuous it is enough to prove the continuous at every
point of X. To this end letp 0 X be arbitrary. Then for every > 0, the spheres. ( f( p) is open inY
and hence by hypothesi$, *(S.( f( P) is open inX. The pointp being an interior point of this, there

exists ad >0 such thatSs(p O f(S( { p). Thus if xO S5( P, then f(p) O Ss( f( p). This
impliesf is continuous ab. Hence the result.

(i) O (i)

Let F be a closed set ivi. Then F¢ is an open set iM. So by ), f1(F°) is open inX. Hence
[fY(F%)]° is closed. Butf 1(F) =[f "{(F%)]% Therefore f *(F) is closed.

(i) O (i)

Similar to above.

(i) O (i)

Let f be continuous and leg, converge tox in X. We must show thaf (x,) converge tof (x).
Then for ane >0 and S;( f(X), there existsS;(® such thatf(S;(X) 0 S( { ¥. Since X,
converges tax, there existsn,ON such thatx,0 S(® for all n=n,. This implies that
f(x,) O S (f(R) forall n=n,. Hence f(x,) converges tof (x).

If possible, leff be not continuous. So there is a pointhere it fails to be continuous. We shall
show thatx, converges tax does not imply thatf (x,) converges tof (x). Since fis not continuous,
there exists an open sphese( f( X)) with the property that the image of every sphere centere at
not contained inS, ( f(XY). Consider the sequence of open spH&€y, §A X ... $n( X...} and
form a sequence, 0 §,,( ¥ and f(x,) 0 S.( f( Q). Clearly x, converges tx but f(x,) does not
converge tof (x).

Definition: A function f: (X, d;) - (Y, &) is said to beuniformly continuousf for every € > 0,
there existsd > 0 such thatd,(x, y) <d implies d,(f(X), f(y)) <e.

A direct consequence of the definition of uniform continuity is the following theorem:
Theorem 3.5.2: Every uniformly continuous function is continuous.
Proof: Straightforward and left therefore.

The converse of the theorem is in general not true. For example the fuf¢tpa x is uniformly

continuous orR but the functiorg(x) = x? is not uniformly continuous oR. The functiorh(X) = 1k is
also not uniformly continuous on (0, 1).
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Theorem 3.5.3: The image of a Cauchy sequence under a uniformly continuous function is also Cauchy.
Proof: Let x, be a Cauchy sequenceXrand let f: (X, d) - (Y, d) be uniformly continuous. We

are to show thaff (x,) is Cauchy inY. Let &€ > 0 be arbitrary. Sincéis uniformly continuous, there
exists ad >0 such thatd *( f(®, f(y)) <& wheneverd(x, y) <J. Sincex, is Cauchy, there exists

no O N such thatd(x,, %,) <0 for alm, n=n,. Thus fore >0, there existsn,0N such that

d*( f(%,), (%)) <€ sinced(xy,, %,) <o forallm, n> n,. Hence the result.

Theorem 3.5.4: If X be a dense subspace of a complete metric {phcd;) and f:(x, dy) - (Y, o)
be uniformly continuous andis complete, thehadmits of a unique uniformly continuous extensfon
to M.
Proof: We shall first definef: M — Y as follows:
f(x) = f(Xif xO X
=lim f(x,) wherex, - X, x,0 X.

Note sinceX is dense iM, such a sequence can be chosen and the convergexgcémslies that
X, is Cauchy and thereforé(x,) is Cauchy which is convergent éss complete.

Clearly f is an extension dfto M. So it is enough to prove thdt is uniformly continuous.

To this end, lete > 0 be arbitrary. Sincéis uniformly continuous there existsda> 0 such that
di(a b)<d implies d,(f(a), f(b) <e/2 for a, b0 X. We shall show that fop, qO M,
di(p, 0 <o implies d,(f(p), f(Q) <e. SinceX is dense in Mthere exist sequences, and g,
such thatp,, converges t@ and g, converges). By the triangle inequality we see now

di(ph, )< d(p A+ d(p g+ dl g

Since p, tends top and g, tends toq, then there existsy such thatd;(p,, p) <d/3,
di(q,y, @ <973 for all n=n,. So if di(p g <9, then dy(p,, g,) <d and henced,(f(p,),
f(gn)) < &l2.

Sody(p g=Ilim dy( . @) <el2<e.

This proves thatf is uniformly continuous. The uniquene$sis obvious.

Definition: A function f: (X, d) - (X, d) is called aontraction mappingr simply acontractionif
there existsa (1[0, 1) such that
d(f(a), f(h)<ad(a B for everya, b0 X.

It is easy to see that every contraction mapping is continuous.

Definition: A pointx of the metric space&(d) is called dixed pointof the functionf: (X, d) - (X, d)
if f(xX)=x

The following theorem is of basic importance in many branches of mathematics.
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Banach Fixed Point Theorem: Every contraction mapping from a complete metric space into itself
has a fixed point.

Proof: Let f:(M, d) - (M, d) be a contraction mapping.

First note that every contraction mapping is (uniformly) continuous. This is clear as foeevéry
if we choosed = ¢/a, then evidentlyd(x, y) <d implies d( f(x), f(y)) <&. Now we shall define a
sequence iM. Let x, be any point of. Definex; = f(x,), %= (%), X3= f(X), ..., %, = F (%) ---
so thatx, = f"(x,).

Obviously d(X,, %-1) = d( f( %), f(-2))
< ad(X-1) X-2)
=ad(f(x-2), fO4-3)
<a?d(X2, Xpg) = oo
<a"d(x,, %)
Now we shall prove that the sequereg} is Cauchy. To this end note that far<n,

d(Xm, %)) = d(%p Xp1) + A X1 Xw2) + ot dxcs X)
<a™d(x, x) +a™ d(x, %)+ ..+ a"d (X, %)
=a™L +a +a’+..+a"™™d(x, %)
=[a™1-a™ M- a)ld(x, %)

which tends to zero as and hencea tend to zero.

SinceM is complete x, converges to a poing, in M. We claim thatf (x,) = X, i.e., X, is a fixed
point. For this observe only
f(%) = f(limx,) =lim f(x) =lim x,, 1= X, asf is continuous.
This completes the proof.

3.6 EQUIVALENCE, HOMEOMORPHISM AND ISOMETRY

Definition: Two metricsd, andd, defined on a non-empty set are said to be equivalent if they generate
the same topology, i.e., the set of open sets obtained by the dyaéfrisame as the set of open sets
obtained by the metrid, and vice versa.

Thus two metrics are equivalent if for an open sphere centered at a point defined by one metric there
is an open sphere centered at the same defined by the other metric contained inside the first sphere and
vice versa.

Example 1: The metricsd,, d, and d; defined orR? as follows are equivalent

d(x Y ={(x-W*+(x%- 93}
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dy(x y) =max{|x = y[,.+[% - y}
ds(% Y) = 1% = Wl+ [% - wlwherex=(x, %), Y=(%, %)

O B O

Fig. 6

The following theorem gives a necessary and sufficient condition for the equivalence of two metrics.

Theorem 3.6.1: Two metricsd, and d, defined of a metric spadé are equivalent if and only if there
exists two non-zero constantsand 3 such that

ady(x Y)sd(x ysB d(x Yy
Proof: Let S,(¥ be a sphere in thel, metric. ThenS, (Y ={ pd M d( p x<¢g& . Since
ad,(p,X<d(p A<e, thend,(p Y <@a) d(p ¥<ela. So S, ,(R is sphere in thed,
metric contained irsS, ( X).
A similar argument using the second inequality proves that every open spheredin ringtric
contains a sphere in trlg metric.

Hence the two metrics are equivalent.
It is immediate from the above theorem that

Theorem 3.6.2: Two metricsd, andd, are equivalent if and only if limx, = x in the d; metric
implies and is implied by linx, = x in the d, metric.
Proof: It is enough to note

di(X,, ¥ - 0 asn - 0whend,(x,, X - 0 asn - 0if d(x,, X< kd(x 3

Example 2: Show that the metricd* (x, y) = ¥/{1+ d x ¥} andd(x, y) defined orM are eugivalent.
Solution: Let x, — 0 asn - 0 in the metriad. Then evidentlyx, — 0 asn - 0 in the metriad*.

Conversely letx, - 0 asn - 0 in the metriad*. Then noted* (x,, X > d( %, ¥ and hence the
result follows.

Example 3: Let c denote the set of all convergent real sequencexanfix}, y={ ¥ Oc

Define d(x, y) = sup|% = y,landd* (x y) = 3(¥'2") ) = wI{1+ % = Wl
Show that the metriod andd* defined above are not equivalent.
Solution: To prove the result exhibit a sequence which converges in the dfdititnot in the metrid.
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Consider the sequen§e} wheree, =(0,0,...,0,..),¢=(10,...,0,...),=(0,0,...,1..)
Note d(e,, ) =1 for each n bud* (e,, ) = (¥ 2") { ¥( 1+ 1} = 1 2** which tend to zero.

Hence the metricd andd* are not equivalent.
Definition: A function f: (X, d;) - (Y, d,) is called shomeomorphisnf
(i) fis bijective,
(i) fand f ™ are both continuous.

A metric spacg X, d;) is said to béhomeomorphito another metric spad®’, d,) if there exists
a homeomorphism frongX, d,) to (Y, d).

Since the bijectivity off implies the bijectivity of f 7, it readily follows that(X, dy) is

homeomorphic tqY, d,), then(Y, d,) is also homeomorphic toX, d,). This justifies the often made
statement that two spaces are homeomorphic.

Definition: A function f: (X, d;) - (Y, d,) is called arisometryif
d,(f(a), f(b) = d(a B foreverya, bO X.

Evidently every isometry is injective sindg(x;) = f(x,) impliesd,(f(x), f(x,)) =0 and hence
d(x, %) =0, i.e., X, = X,. Further, every isometry is uniformly continuous and hence continuous.
This is clear as for everg >0 there exists & > 0 (in fact o = €) such thatd,(a, b) < implies
dy(f(a), f(b) =d(a h<d=e.

Two metric spaces are said to isemetricif there exists a surjective isometry from one of the

metric spaces to the other. Note that the surjectivity of the isometry ensures the existence of an isometry
from the second metric space to the first.

It is straightforward to verify that isometry of two metric spaces implies homeomorphism but not
conversely. In fact it should be borne in mind that isometry preserves the metric properties only whereas
homeomorphism preserves the topological properties. Thus all isometric metric spaces have the same
metric properties but homeomorphic spaces have the same topological properties. Note completeness is
only a metric property and not a topological property.

3.7 COMPACTNESS

Compactness is one of the most important features of any topological space and plays the most significant
role in all of topology. Though in the general topological spaces compactness is somewhat intangible, in
metric spaces it is very much tangible and more so in the Euclidean spaces.

Definition: A family of sets{G,} is called a cover of a metric spadé, d) if M =0 G,. If the

family is finite, the cover is calledfmite cover if it is countable or uncountable, the cover is accordingly
called countableor uncountablef all the members of the cover are open sets, the cover is called an
open coverlikewise if all the members are closed sets, the cover is catleded coverA subfamily

of {G,} which also coverM is called a subcover oA.
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The metric sapceR|, d) equipped with the usual metrichas a finite covef(-0,,(0,0}, a
countable covef(n, n+2; nON and an uncountable covffx -1, x+13; xO .

A family of sets {G} is called acoverof a setK in a metric spaceM, d) if KOO G,. The
finiteness, countability and uncountability of the set are defined as above.

Definition: A metric spaceN], d) is said to beompacif every open cover of it has a finite subcover.

A metric space which is not compact is calfesh-compact

A subseK of a metric spaceM, d) is calledcompacif every open cover & has a finite subcover.

It is easy to see that a 3€is compact if and only it is compact as a subspace with respect to the
induced metric.

As examples of compact sets one can see that every finite set of a metric sapce is compact. We have
already seen that a closed and bounded interfalsra compact set with respect to the usual metric. An
example of a set which is not compact is the open interval (0, 1) when equipped with the induced usual
metric. The seR equipped with the usual metric is also not compact. In fact, any infinite set equipped
with the discrete metric is hot compact.

Definition: A metric space is calledequentially compadt every sequence in it has a convergent
subsequence.

A set in a metric space is callsdquentially compadf every sequence in it has a convergent
subsequence.

As an example one should note every finite metric space is sequentially compact. If we take any
sequence in the metric space at least one term of the sequence will be repeated infinitely many times.
The constant sequence made of that element is a subsequence of the original sequence and evidently
that converges to the same point. The same argument applies to a sequentially compact metric space.

The metric space (0, 1) equipped with the induced usual metric is not sequentially compact since
the sequence {f} has all its subsequences converging to 0 which is not a point of the metric space. An
analogous argument proves that (0, 1) is not a sequentially compacRset in

Definition: A metric space is calletbuntably compadt every countable cover of it has a finite subcover.

A set in a metric space t®untably compadt every countable cover of it has a finite subcover.

Clearly every closed and bounded interval equipped with the induced usual topdtdgyotintably
compact since it being compact by Heine Borel theorem, every cover of it, whether countable or
uncountable, has a finite subcover. The argument applies for the set [0, 1] also.

The interval (0, 1) equipped with the induced usual metiRishot countably compact as the open
cover{(/(n+13,Yn; nON has no finite subcover.

Definition: A metric space is calleldcally compacif each of its points has a neighbourhood whose
closure is compact.

The setR with the usual metric is locally compact but not compact. This is clear because every
pointx of Rhas a neighbourhodc —d, x + d) whose closurgx -9, x + J] is compact by the classical
Heine Borel theorem. The spa@eequipped with the induced metric is not locally compact.

The first thing that we can say about a compact set is the following:
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Theorem 3.7.1: Every compact set in a metric space is closed.
Proof: We first prove a simple result:

For every pair of distinct points and yin a metric spaceM, d), there exist two disjoint open
spheres centered at the poirandy respectively.

Sincex # y, d(x y) > 0. So if we chooses < (1/2) d(x, ), Clearly S,(® n S( y=o.

Now letK be compact iM. To prove thaK is closed, it is enough to prove thiéf is open, i.e.,
every point ofK® is an interior point.

Letx be an arbitrary point d€“. Then for everyy O K, there exist sphereS, (X and S,(y) such
that S, (X n S( y=¢. Evidently{S,(y; yO KB is acover oK. SinceK is compact, this cover has

a finite subcover, saft S.( W, $,( ¥.--» S( I}, i.e, KOO S;(Y). Thenn S;(X is open
and disjoint fromK. Hencex is an interior point. This implies thKtis closed.

A natural question that arises in this connection is whether closed subsets of a metric space are also
compact or not. The answer to this question is ‘no’. But what can be said in this regard is contained in
the following result:

Theorem 3.7.2: Every closed subset of a compact metric space is compact.

Proof: Let the metric spaceV, d) be compact and l& be a closed subset bf. To prove thaK is
compact we take a covéG,} of K, i.e., K O O G,. Then the family{ K, G,} is a cover oM. Since
M is compact, this family must have a finite subfamily which also caMeasd this finite subfamily
must containK® also. If K¢ is taken out from this subfamily, the remaining sets shall dévelence
we get a finite subfamily a& which coverK. This mean« is compact.

Definition: A family of sets{F} is said to havénite intersection propertgFIP) if every finite number
of members of the familyF} has non-empty intersection.

For example the family{(-n, ); nON has the finite intersection property but the family
{(n,n+2; nONy does not have the finite intersection property.

The finite intersection property has an intimate relation with compactness as will be evident from
the following theorem:

Theorem 3.7.3: A metric spaceN], d) is compact if and only if every family of closed subsetMof
having finite intersection property has the entire intersection non-empty.

Proof: Let (M, d) be compact and It} i be an arbitrary family of closed subset#/dfiaving finite
intersection property. If possible, let Fi = ¢.

Then O Fi°= M, i.e., {Fi%y is an open cover dfl. SinceM is compact, there is a finite
idl

subcover of this cover, sayF°, F,°, ..., Fm}, i.e, M =F° 0 F,° O...0 Fm°. But this means
F, n F, n...n F, = ¢ which contradicts the fact th&E}in has the fintie intersection property.

Hence n F % ¢.
ia
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Conversely let every family of closed subsetMdiaving finite intersection property has the entire
intersection non-empty. LdG,} be an open cover &, i.e., M =0 G, .

Then n G, = @. So the family{G,} of closed sets do not have the finite intersection property
since otherwise the intersection of the entire family would have been non-empty. So there exists a finite

subfamily of {G,} with empty intersection i.eG, n G, n ...n G, = ¢. Hence M =0 G;. This
meansM is compact.

Definition: A finite setF of points ofK is called ane -netfor K if for every pointx 00 K, there exists
a pointy OF such thatd(x, y) <.

A setK in a metric space\, d) is calledtotally boundedf K possesses afi-netfor everye > 0.
For example, the s€t={ (1, -1), (1, 0), (1, 1), (O, -1), (0, 0), (O, 1), (-1,-1), (-1,0), (-1, 1) }isan
3/2-netforK ={(x, y)) OR; ¥ + Y <4}.

NI

Fig. 7

It should be noted in this connection that every totally bounded set is bounded but not conversely.
For example, the seA={¢,,¢€,,&5,... ,&,,..} whereg; =(1,0,0...), £,=(0,10,...),...,
£,=(0,00,...,1...),... is a bounded set ih?, since d(&, €) =42 and therefored(A) =
sup{d(ei, &) &, OA}= J2. ButAis not totally bounded, since far=1/2, there is noe -net.
In fact the only non-empty sets with diameter less than 1/2 are the singleton sets.
Theorem 3.7.4:If a setK in a metric spacéM, d) is compact, then it is totally bounded.
Proof: To prove the result, we must show that for every O, there exists ar -netfor K. Consider
the open covef S,( ¥; xO B of K. Becaus& is compact, the above cover has a finite subcover, say,
{S(x), S(%,.... ¥ 3. Evidently the se{x,, x,,..., %} isané¢-netforK.
Definition: A metric sapceN], d) is said to havBolzano-Weirstrass proper{BWP) if every infinite
set in M, d) has a limit point.

As for exampleR equipped with the usual metric does not have the Bolzano-Weirstrass property as
the infinite set {1, 2, 3, ... } has no limit point.
Theorem 3.7.5: A metric space is sequentially compact if and only if it has the Bolzano-Weirstrass
property.
Proof: Let (M, d) be a metric space and let it be sequentially compach betan infinite subset &f.
We shall show tha# has a limit point. Sincd is infinite, a sequencéx,} of distinct points can be
extracted fromA. SinceM is sequentially compact, there exists a subsequbqéewhich converges to
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a pointx, say, and is defacto a limit point of the set of points of the subsequence and hence that of the
set of points of the sequence also. This proves the Bolzano-Weirstrass property.

Conversely, letil, d) have tha Bolzano-Weirstrass property. {e§ be an arbitrary sequence in
M. If x, has a point repeated infinitely many times, then it has a constant subsequence which converges
to the point repeated. If no point %} is repeated infinitely many times. Then the set of points of the
sequence is infinite and therefore by the Bolzano-Weirstrass property, it has a limit point. Now it is easy
to extract from{x} a subsequence which convergeg.to

To prove the next important result we need the following results.

Theorem 3.7.6:1f a metric spaceM, d) is compact, then it has the Bolzano-Weirstrass property.

Proof: Let A be an infinite set itM. We shall show it has a limit point. If possible, Aehas no limit
pointinM, i.e., no point oM is a limit point ofA. Then for every point d¥1, there exists an open sphere
centered at that point which does not contain any poiatather than its centre. The family of all such
spheres constitute an open coveMoNow M being compact, this cover has a finite sub-cover. Since

is a subset oM, A is not only covered by the finite subcover but also are the centres of these finitely
many spheres of the subcover. HeAgrust be finite which is a contradiction. Thiswust have a limit

point. This implies thaM has the BW property.

Theorem 3.7.7: Every sequentially compact metric space is totally bounded.

Proof: Let (M, d) be sequentially compact. To shdw s totally bounded, le >0 be arbitrary.
Choose a poing, in M and the spher&, (a). If S,(a) coversM, then{a} is the €-net If not,
choose another poirg, and the spher&,(a). If S,(a) 0 S( 3) = M then{a,, a;} isthee-net
Continuing this process we arrive at a §af, a,, ... } which will be finite otherwise this will be an
infinite sequence which no convergent subsequence—contary to our assumption of sequential compactness

of M. Hence the sefa,, a,,...} and therefore also an-net This implies thaM is totally bounded.

Definition: A positive real numbeat is called a Lebesgue number for an open c§@} of a metric
space I, d), if each subse®of M with d(S§ <ais contained in one of the open sets of the c§&} .
Theorem 3.7.8: In a sequentially compact metric space each open cover of the space has a Lebesgue
number. Lebesgue Covering Lemina

Proof: (M, d) be sequentially compact and [EtG, be a cover oM. Assume if possibl& has no
Lebesgue number. Hence for everyl N, there exists a non-empty sat with d(A,) <1/n such that
A, in not contained irG, for eacha. So we can generate a sequeficg¢ choosingx, from A, for
eachn. This sequencéx} has a convergent susequer{txg} asM is sequentially compact. Let lim
X, = X.Clearly x UG, for somea as{G,} isa cover of Mand x 0 M. Now G;, being open there
exists ane > 0 such thatS, (¥ O G,,. For this &€ we thus see that there existsLIN such that
d(%y,. X <&/2 andd(A,,) <&/2.

Thus for any elemeny U An_, we see
d(y, < d(y xq)+ d xn, X<el2+el2=¢.
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This implies thaty 0 S (X 0 G . But this contradicts the fact that for each natural numpéy,
is not contained in any of the open sets of the cover. HgBge must have a Lebesgue number.
We are now in a position to prove the main result.
Theorem 3.7.9: Let (M, d) be a metric space. Then the following are equivalent:
(i) M is compact
(i) M is sequentially compact
(iii) M has the Bolzano-Weirstrass property
Proof: (i) O (ii).

Let M be compact. Then by Theorem above it has the BW propety and by Theorem then it must be
sequentially compact.

(i) O @)

Let M be sequentially compact. L§G,} be an open cover dfl. So it must have a Lebesgue
numbera, say. If we takes = a/3, then by the total boundedness of the sequentially compactgpace
we gete-net{a,, a,,..., 8} . Foreach = 1, 2, ..n, we haved(S.(q)) <26 = 2d3< a

Now by the definition of Lebesgue number, for eadhere exists &,; such thatS,(3) < G, .

Since every point d¥l belongs to one of thg, (3)'s, the family{G, , G,,,.... G, } is afinite subcover
of M. HenceM is compact.

(i) < (i)
It is already proved in theorem.

It is natural to ask the question now whether every closed and totally bounded set is compact. The
answer to this question is assertive in a complete metric space.

We now prove two very useful theorems.
Theorem 3.7.10: The continuous image of a compact set is compact.
Proof: Let f:(M,d) - (N, d') be continuous and lé& be compact irM. Then to showf(K) is
compactin(N, d'), assumgG,} to be an open covertfK), i.e., f (K) O O G,. Sincef is continuous,
f 1(G,) is open for eactw . FurtherK O O f (G,), i.e., {f (G,)} is an open cover &f. Since
K is compact it must have a subcover, sdy,(G), f (G),..., T (G)}. The clearly
f(K)O G, OG,O...0 G,. Hencef(K) is compact.
Corollary: A real valued continuous function with compact domain is bounded.

This follows from the classical Heine Borel theorem.
Theorem 3.7.11: A continuous funtion with compact domain is uniformly continuous.
Proof: Let f: (M, d) - (N, d') be acontinuous function and Mtbhe compact. Sindas continuous
at every point of Mfor every p 0 M and everye > 0, there exists & (p) > 0 such thatX U Sy, ( P
implies f(x) O f™(S.,,( f(P)). Thus{(Ssp( B); PO M form a cover oM. SinceM is compact
and hence sequentially compact, there is a Lebesgue ndmbercorresponding to this open cover.
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Now let x, yO M andd(x, y) <d. Sinced({x, ) = d x Yy <9, there exists an open sphere
Ss(pp ( B) Of the cover such thatx, ¥ O S B and hencef (x), f(y) OS,( f( B))- But as
d(S2( f(R))) <&, we conclude.

d(x, y) <o impliesed’(f(x), f(y) <e.
This impliesf is uniformly continuous.

3.8 CONNECTEDNESS

Intuitively connected means joined and thus a connected space is one, which consists of a single piece.
This is one of the simplest properties of a space yet one of the most important so far as applications to
real and complex analyses is concerned. Spaces that are not connected are also quite interesting. At the
opposite end of the connectivity spectrum lies a totally disconnected space and the Cantor set is one
such example. The space or rational numbers equipped with the induced metfidratso a space

with this opposite feature.

Definition: A metric spaceN, d) is said to be&onnectedf it cannot be expressed as the union of two
non-empty disjoint open sets. Thushf = A0 B whereA andB are non-empty and n B = ¢, the

spaceM is disconnected. If a space is not disconnected, it is called connected. Evidant{ are

closed sets also a& = B® and B = A°.

Note the connectedness of a spitassures that the skt and ¢ are the only clopen sets (sets
which are both open and closed).

A subspace Xf M is calledconnectedf X is connected in its own right. An expression of a space
as the union of two disjoint open sets is sometimes referred to as a disconnection of the space.
Examples of connected spaces RrandC equipped with the usual metric. An interval, closed or
open or semi-closed, equipped with the relative topology by the induced metrR fs@iso a connected
space. The unit disc, the elliptic region, the square region with side of length one, with or without the
(topological) boundary are examples of connected spaces when equipped with the induced metric from

R?.

0 = --

Connected spaces Disconnected space

Fig. 8
Analogously, a seX in metric spacel, d) is calleddisconnected there exists open subs&sand
H of M such thatX n G and X n H are disjoint non-empty sets whose uniorXidn this case,
G O H is called a disconnection &f
A setX is calledconnectedf it is not disconnected.
Note thatX = (X n GO (Xn H) ifandonlyif X Gn H.
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And (X n G)O(Xn H=g¢ifandonlyifGn H DO X°.

So G O H is a disconnection oX if and only if X n GZ @, Xn HZ ¢, XO GO H and
Gn HO XS,

Note that the sepis connected and so is any singleton set.

Clearly the setX = (1, 2) U (2 3 is disconnectediRas X n (-0, 2) and X n (2,0) are two
non-empty disjoint open subsetskivhose union iX.

Similarly the setS={(x ¥; ¥ - ¥ =4} is disconnected inR?> as the open sets
G={(x y; x<-%andH ={(x,y); x>% aresuchtha6=(Sn QO (S Hand(Sn G n
(Sn H =0

It readily follows that a set in a metric space is connected if and only if it is connected as a subspace
of the metric space.

We now prove an impressive result.

Theorem 3.8.1: A subspace oR is connected if and only if it is an interval fof

Proof: Let X be a subspace &. We shall show that if ¥ not an interval, it is not connected as a
subspace dR. The fact thaX is not an interval ensures the existence of real numpgesdz such that

xandz are inX buty is not inX. Clearly theX =[ X n (-0, Y] O[( O n X is a disconnection of
X.

Conversely, leK be an interval oK. We show then thaX is connected. Let assume the contrary
and arrive at a contradiction. Since by assumptinot connected, there exists a disconnectiof) of

say, X = A0 B, whereAandB are disjoint non-empty relatively open subsets.@hoosex in A and
z in B and without loss of generality assume z. But sinceX is an interval[x, 7 O X. Again as
X = Al B[x 2 is either contained entirely withia or within B asA andB are disjoint. Define
y=sup ([x,z]n A. Thenx< y< zandsoyisinX.

But as Ais closed,y (0 A From this it followsy < z. But the definition off we gety + € isinB for
every ¢ >0 such thaty + € < z SinceB is closed,y [ B. But this contradicts the fact thaandB are
disjoint. HenceX must be connected.
Remark: A similar statement can be made about a connected set.
Corollary: The real lineR is connected.

The next theorem asserts that connectedness is a topological property.
Theorem 3.8.2: The continuous image of a connected space is connected.
Proof: Let (X, d) be connected and left: (X, d) - (Y, &) be continuous. To show th&fX) is a
connected subspaceYyflet us assume the contrary, i.e., theralis@nnection df(X)as f (X) = A0 B
where A=Gn f(X), B= Hn f( X), G andH open inY and An B=¢. Then evidently
x=fG)0 f(H), f(G) and f *(H) are nonempty open setsin f 1(G) n f X(H) = g.
ThusX is not connected—a contradiction. Heh¢) must be connected.

Remark: A similar statement can be made about a connected set.
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Corollary: For a real valued continuous function, the range is an interval.
When a space is not connected, it is quite useful often to see what are the largest connected subsets
of that space. Such subsets are known as components. The formal definition is as follows:
Definition: A componenbdbf a metric space is defined to be a maximal connected subspace of it. Thus
a component is not a proper subset of any connected subspace.
As for example, ifX =[0,J O[ 2 % is a metric space equipped with the induced usual metric,
then [0, 1] and [2, 5] are two componentsXdfut [3, 4] is not a component.

Definition: A metric spaceN], d) is calledtotally disconnected for every pair of distinct pointsand
yin M, there is a disconnectioX = A B such thatx 0 A andy O B.

The discrete spaces are examples of totally disconnected spaces. Qlué smtionals and the set
| of irrationals when euipped with the induced metric fi@rare also totally disconnected. A compact
space which is totally disconnected is the Cantor set.

A result of interest is the following:

Theorem 3.8.3: The components of a totally disconnected space are its points.

Proof: Let (M, d) be a totally disconnected space. It suffices to prove that every subsiboentéining
more than one point is disconnected. To this end dgidy be two points in a subspaxeof M and let

X = A0 B be adisconnection ofwith x [ A andy [0 B. Then evidentlyX = (X n AO(Xn B
is a disconnection of. Hence the result.
Definition: A metric space every point of which has a connected neighbourhood is loakdyg
conntected
Note that every discrete space is locally connected. ThRe sguipped with the usual metric is
locally connected.
Definition: A path from a pointa to a point bin metric spaceM, d) is by definition a continuous
function f:[0,] - M withf(0) =aandf(1) =b. The pointis called thenitial point of the path and
the pointb is called théerminal pointof the path.
For any pointp, the constant functio®,:[0,4 -~ M defined bye,(x) = p is called theconstant
pathatp.
A pathf: [0, 1] . M is called aclosed pathf the initial point coincides with the terminal point, i.e.,
f(0) =f(1).
Apathsf:[0,] - M issaidto bbomotopido 9:[0,] — M if there exists a continuous function
H: 1?2 - M wherel = [0, 1] such that
H(s, 0) =f(s), H(O,9)=p
H(s, 1) =g(s), H(1,t)=q
The functionH is called ehomotopyfromf to g.

where p,qU M
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A closed pathf:[0,] - M is said to be&ontractibleto a pointp if it is homotopic to the constant
path €.

A metric spaceN], d) is calledsimply connected every closed path iN is contractible to a point.
For example an open discRf is simply connected but an annular region is not.

& E

Simply connected Not simply connected.
Fig. 10

Note that the image of the connected space [0, 1] is connected and therefore is a curve without any
break. As for example the functioh(x) = (x?, 2X) defined on [0, 1] gives a path R?.

Definition: A metric spaceN|, d) is calledpath connectedr arcwise connected for every pair of
pointsa andb in M there is a path frora to b.

A setXin a metric space\, d) is calledpath connected for every pair of pointa andb in X there
is a path from a tb contained entirely withitx.

It easily follows that every path-connected space is connected. So also is the case of a set.

Since connectedness is a topological notion and is easily extendable to topological spaces in general,
we refrain from proving many other results on connectedness here which can be seen in any book of
topology.
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Topological Spaces

The peculiar properties enjoyed by metric spaces and the topoldgyaotl R? admit of far more
generality demostrating a beauty of its own and free from the specter of real numbers.

4.1 SOME DEFINITIONS

We begin with a non-empty skt
Definition: A family T of subsets oX is called gopologyof X if the following conditions are satisfied:
(i) o, XOT.

(i) Union of any arbitrary number of sets frdms also inT.
(iii) Intersection of finite number of sets froms also inT.

The pair (XT) is called a@opological spaceThe members oF are callecbpen set®f X.
The complements of open sets{rare called thelosed setsf X.

Note that many topologies can be defined on the same set. Referring to the topology is hecessary
when referring to a topological space unless one works with only one and fixed topology.

The topology consisting of only two subsets, namglsgind X is called théndiscrete topologpf X
and will be referred to bl

The topology consisting of all subsetsXois called thaliscrete topologyf X and will be referred
to byD.

Clearly every singleton set is an open set in a discrete space.

If T, and T, are two topologies ofand T, O T, i.e., every open set @}, is an open set ifl,, then
T, is said to baveaker thanT, or T, is said to bestronger thanT,. Clearlyl is the weakest of all
topologies on XandD is the strongest of all topologies ®n
Example 1:Let X = {a, b, c}. Then T, ={¢,{4 { alb, X is a non-trivial topology ofX.
T, ={@.{& { alb{, 8 c,} X isanother non-trivial topologyl. = { ¢, X} is indiscrete topology and
D={¢p,{3 {b{}4, &P, Ib{c,}c &, X isthe discrete topology.
Example 2: Let X be an infinite set. LeT consists of the empty set and all subsets of whose
complements are finite. Then it is easy to verify that a topology, called theofinite topology

Example 3: Let X be an uncountable set, el.and letT consist of the empty set and all subsets of

X whose complements are countable. It readily follows Thigt a topology, called theocountable
topologyof X.
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It is to be noted that a set may be both open and closed simultaneously or may be neither. For
example, the set® and ¢ are both open and closed. A proper subse{ nfay be open and closed
simultaneously, e.g., in the discrete topology every set is closed and open. Such sets will be sometimes
referred to aslopensets ofX.

Note further that the intersection of any two topologies is also a topologputf the union need
not be. For example, consid€r {a, b, c} and two topologiesl, ={@,{& , ¥ andT, ={@.{b, X .

Clearly T, O T, is not a topology oX.
A result that readily follows from the properties of open sets is

Theorem 4.1.1: For a topological spac&(T), the following are true:
(i) @ andX are closed sets
(if) Intersection of any number of closed sets is closed
(iii) Union of finitely many closed sets is closed.

4.2 NEIGHBOURHOOD, INTERIOR, EXTERIOR AND BOUNDARY

Let (X T) be a topological space arg] X.
Definition: A subsetN, of Xis called aneighbourhooaf p if there exists an open sgtof X such that
pUOGO Np.

If N, itselfis open,N, will be called aropen neighbourhood®imilarly if N, is closed, therlN
will be called a closed neighbourhood. The Bgt—{ B will be called the deleted neighbourhoogof
and will be denoted sometimes B, .

For example, itJ denotes the usual topologyRfthen (0, 1] is a neighbourhood of 1/3, (0, 1) is an
open neighbourhood of 1/3, [0, 1] is a closed neighbourhood of 1/3 and (0, 1] — {1/3} is a deleted
neighbourhood of 1/3.

Definition: A pointp of X is called an interior poinsf a seK of X if there exists a neighbourhod¥,
of p such thatp U N, U K. The set of all interior points & is called theénterior of K and is denoted

by K° orint(K). Note the interior of a set may be empty. For exan@leas empty interior in the usual
topology ofR. The point 1/3 is an interior of point of (0, 1], so also is the point 0 but 1 is not an interior
point. The interior of (0, 1] is (0, 1). In the topological spaxe ) with X = {a, b, ¢} and

T={p,{&{ a}b, X, the pointa is an interior point and the interior od,{c} is { a}.
Theorem 4.2.1: In a topological space the following are eugivalent:

(i) Gis open

(i) G=¢G°
Theorem 4.2.2: In a topological spaceX( T), the following are equivalent:

() K°=0{GOK GOT

(i) KO is the largest open set containedin

Definition: A pointp of X is called arexterior point of a seK in X if p is an interior point ofK®. The
set of all exterior points df is called theexteriorof K and will be denoted by extjf. Note the exterior
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of a set may be empty also. For example the exteriQrinfR is empty since its complemdrtias also
an empty interior.

The exterior of (0, 1] is(— [, 0) O (4 0). It should be remebered that the complement of the
interior of Kis not the exterior oK nor is the vice versa.

Definition: A pointp of Xis called aboundary poinbf a seK if every neighbourhood gf intersects
bothK and K¢, i.e.,, K n N, # @ andK® n N, # @. The set of all boundary points kfis called the
boundary oK and will be denoted by bdri(). Since there are other concepts of boundary, this boundary
will be sometimes be referred to as the topological boundafy Nbte the boundary of a set may be
empty.

For example, iK = (0, 1), then bdr¥) = {0, 1} in (R, U), Observe that a boundary point of a set
may or may not belong to the set. In the spXc&)with X={a,b,c;and T ={¢.{& { a}b, X ,the
boundary of &, b} is empty.

Definition: A point p of X is called aimit point or accumulation poinbf a setK if every deleted

neighbourhood opf intersect«, i.e., every neighbourhood pfintersectK in at least one point other
thanp. The limit point may or may not belong to the set. The set of limit poissotalled thelerived

setof K and will be denoted biK'. A pointpis called anmsolated poinbf K if there exists a neighbourhood
of p disjoint fromK, i.e., ON, UK n N, =¢. The setK Ll K' is called theclosureof K and is
denoted byK. A setK is said to belosedif it contains all its limit points, i.e.K' [0 K.

In (R, U), the setk ={1,1/2 ¥ 3..} has only one limit point 0, which does not belong to the set.
The point 1/2 is an isolated point of the set. HeK¢e= P} . Note the derived set a set may be empty.
For example, every finite set iR(U) has an empty derived set.

The closure of (0, 1) is [0, 1].

Theorem 4.2.4: The following are equivalent in a spacg T)
() K=n{F OK; F is closed in}
(i) K is smallest closed set containiig
A result characterizing closed sets is the following.
Theorem 4.2.5:In (X, T) the following are equivalent
(i) Fis closed
(i) F=F
(i) F'OF.
The proofs of the above results are straightforward and are left here.

Definition: A setK in a topological spacé&(T) is calleddense(everywhere dense) K= X.

For example, the s€ of rational is dense irR| U) sinceQ' = R and thenQ = R. Note the set |
of irrational is dense in RIso.
The following properties of neighbourhoods of a point of a topological space can be easily verified:

Theorem 4.2.6: In a topological spaceX( T), let o/, denote the family of all neighbourhood of a
pointp of X, then the following are true
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(i) p belongs to each member off .
(i) Every superset of a member of , belongs to>/ .
(iii) For every membeN of ~1', there is another memb@rof ~1°,, which is the neighbourhood
of each of its points.
The family =1, mentioned here is sometimes referred to as the neighbourhood sygteNote#
ol is always non-empty a& Uol.

Definition: A topological spaceX, T) is calledseparableif X has a countable dense subset.
ClearlyR is separable sing@ is a countable dense subset of R

4.3 RELATIVE TOPOLOGY AND SUBSPACE

Let (x, T) be a topological space and Mt X. A natural topology can be defined ¥rfrom T as
follows:

Definition: The relative topologyl, of Y is the family of those subsetsYvhich can be obtained as
the intersection of a member Bfandy, i.e.,
T, ={GnY GOTY.

ThusifX={a,b,c}, T={e,{d { a}b, X andY={b,c},thenT, ={@.{B,Y Iisthe relative
topology ofY. Similarly for R, U) and Y =(0,1,(0, ¥3 0T, since(0,V3=Yn (-1¥3 and
(-1,/3 0U. Also (/2,1 OT, since(2,1=Yn (¥2 2 and (1/2, 2 OU. Note (1/2, 1) is an
open set irY but it is not open im.

It should be remembered that whenever we refer to a sMlifeR as a space, unless otherwise
specifically mentioned, we shall understand ¥hatequipped with the relative topology obtained fram

4.4 BASE AND SUBBASE OF A TOPOLOGY

Let (X, T) be a topological space.

Definition: A classB of open sets oKX is called abasefor the topologyT if every open set oK is the
union of members dB.

Note thatB is a base fof iff for every pointp belonging to an open sétof X, there existsB 0 B
with p OB O B. Further, if B[O C, then Cis also a base fd.

Example 1: The (finite) open intervals oR form a base for its usual topologdy, i.e.,

U ={(a,h; a bOR}. Itis easy to see that for any pgirttelonging to an open sétof R, there exists

an open intervalg, b) such thatp O(a, b O G Similarly the open discs dR? form a base for the

usual topology ofR2. The open rectangles with sides parallel to the coordinate axes also form a base
for the usual topology oR?.

Example 2: For any discrete topological spaée D), the family of all singleton sets form a baseDor
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A natural question that arises in this connection is ‘under what conditions can a family of subsets of
a non-empty set be a base for a topolog¥ 8f. The following result gives an answer to this question.

Theorem 4.4.1: A non-empty class of subsets of a Xe$ a base for a topology &fiff
() Xx={B BOB
(i) ForanyB, B, 0B, B n B, is the union of members of B, i.e.,if(0 B, n B,, then there
exists B' OB such thatp OB 0O B n B..

Example 1: If B denotes the class of all open-closed intervaR,dfe., B={(a, §; a bOR}, then
clearlyR =0{B; BOB as foranyp OR, there existda, b] 0 R such thatp U(a, k. Further the
intersection of any two such intervals is either empty or a set of the same form.BHsracbase of a
topology ofR. This topology is called thepper limit topologyof R, which is different from the usual
topology ofR. Taking intervals of the forma[ b) one can similarly generate another topologyRof
called the lower limit topology dR.

Definition: Let (X, T) be a topological space with a b&e\ class of open sets #fis called a subbase
for T if finite intersections of sets froMform the bas8, i.e., every basic open set can be obtained as the
intersection of some members®f

Example 1: The class of intervals of the for(® [, b) and (a, ) is a subbase for the usual topology
of R, since intersection of sets of the above form gives a basic openRset of

Example 2: The class of infinite open strips of the fofe b) x R andR x (c, d) is a subbase for the
usual topology ofR?, since finite intersections of such sets give open rectangles of the form

(a,b) x (c d).

Definition: Let co7 be a family of subsets of a topological spAc¢hen the topology generated by
o/, denoted byT(c%/), is defined to be the smallest topology containing. Indeed this topology
can be obtained fromg/ by taking finite intersections of members ¥ as the base of a topology
which is unique. Evidentlyl'(o</) is the intersection of all topologies containing .

Example: If X={a,b,c,d, e} and o7 ={{c,d}, {d, €}, {a b, c} }, then the topology generated By
is the topology whose bas is given by
B={o{¢{Md{ ¢, ahc} X
and hencel(c7) ={@{¢{ ¥{ c}d, d{e, a}d{c, ¢ e albgd X
Definition: Let (X, T) be a topological space apte a point oK. A family B, of open sets containing

p is called alocal baseat p if for each open se6 containingp, there existdJ, LB, such that
pOU,0G.
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Example: The family {(p -9, p+ d), R"} is a local base gt for the usual topology d®. This is
obvious as any open set containpngontains a set of the forigp — 4, p + 9).

Example: The family of d - neighbourhood®f a point p = (X,, Yy),
e, {(x Vi (x=p)?+(y- Y’ <3}

is a local base at for the usual topology oR?,

O

The following two axioms will turn out extremely useful in many situations.

First Axiom of CountabilityA topological space has a countable local base at each of its points.
Second Axiom of Countabilitg. topological space has a countable base.

Definition: A topological space is calldist countable(respectively second countapléit satisfies
the first (respectively second) axiom of countability.

It readily follows from the observation made above that every second countable space is first
countable. Further, any subsapce of a second countable space is second countable as the class of all
intersections with the subspace is an open base for the subspace. This observation leads to the following
result:

Lindeloff’'s Theorem: Every non-empty open set in a second countable space can be represented by a
countable union of basic open sets.

An immediate corollary of the above is the following:
Corollary: Every open base of a second countable space has a countable subclass which is also an
open base.

An interesting result about second countable space is sated below:

Theorem 4.4.2: Every second countable space is separable.

Proof: The proof of this result follows from the observation that the set formed by choosing a point
from each basic open set of the countable basis is not only countable but also dense.

The converse of the above theorem is however not true as is clear from the classic example of the
spaceR equipped with the upper limit topology which satisfies the second axiom of countability but is
not separable.

However the following special case in true.
Theorem 4.4.3: Every separable metric space is second countable.

4.5 CONTINUOUS FUNCTIONS

Of basic importance in the whole of the subject is the concept of continuous functions.
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Definition: Let (X, T) and (Y S be two topological spaces. A functidn X - Y iscontinuous if the
inverse image of an open setiis an open set i, i.e., f *(U) OT wheneverd OS.

Example 1:LetX={a,b,c,d}, Y={p,q,r,s}, T={@{& { alb{, a B c,} X and
S={e{p{}f B aks Y

Let two functiond andg be defined by the diagrams

= —

Clearlyf is continuous, since
f@) =0T, £7{®) =¢0T, {7({d 0T Ja,
f7dpd) (R OT f{ a s OTE abpdO T
But g is not continuous, sincg *({g, 1. $) ={ cH O S
Note any function from a discrete space to any topological space is continuous.
An interesting result about continuous funtions is the following:
Theorem 4.5.1: Let (X, T) and {, S be two topological spaces. The following are equivalent:
(i) f: X - Y is continuous,
(i) The inverse of each number of a bBs&f Y is an open set of
(i) The inverse image of any subbasic open set is op¥n in
Proof: Since every open skitin Yis a union of a family of basic open set¥dfe., H =0{B, B OB
and f (0 B) =0 f7(B), the result follows directly. The result)(is a consequence of the result
fHGn H)y= (G n f(H).
A similar result of much use is the following:

Theorem 4.5.2: A function f: X - Y is continuous iff the inverse image of a closed s#&tisftlosed
in X.
The proof follows from the observatioh™(Y - F) = X — 7 P).
The following example has a bearing upon many results of topology:
Example 2: The projection mappings fro? toR are continuous with respect to their usual topologies.
Recall there are two projection mappings here
mR? - R andt R? ~ R defined bym (x, y) = xand m,(Xx, y) = V.

Clearly the inverse image of any open interval (i.e., any basic open set) under a projection is an
open strip as illustrated in the diagram below and hence is open.
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The result holds good also for projections fr&fi to R.

Example 3: The functiorf : R — R defined byf (x) = |x| is continuous with respect to the usual topology
of R. This is clear from the following diagram.

b
b
a
—b|-a al b -b b
- L - i
+a
@b 0(-b-g if 0<a<b
Clearly, f *(a,b) =1 (-b, b) if a<0<b

@

The above definition of continuity is of global character. The following definition concerns the
local character of continuity.

Definition: A function f: X - Y is said to becontinuous at a point pf X if the image of every
neighbourhood of(p) is a neighbourhood qf.

Note thee-d definition of real valued functions of a real variable concerns nothing but the local
continuity.
Theorem 4.5.3: A function f: X - Y is continuous iff it is continuous at every poinbof
Proof: Letf be continuous. Lgi X be an arbitrary. LefN¢ ) be a neighbourhood ofp). Then there
exists an open s& of Y such thatf(p) DGO Nt (- Sincef is continuous, f '1(G) is open and
p O f(G). Further, f (G) O f (N;,). Hencef (N ,) is a neighbourhood @f This proves
the continuity off at every point ok.

Conversely, let be continuous at every pointX¥fand letG be an open set 8t We shall show that
f (G) is open inX, i.e., for every poinp in f (G), there exists an open sdtcontainingp and
entirely contained inf (G). To this end we note [ f (G) implies thatf (p) 0 G. AsG is an open

neighourhood of (p), there exists an open débof X such thatp OU O f (G). This proves thatis
continuous.
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Open and Closed Functions

The notion of continuity of a function leads to the question whether the image of an open set by a
function can be open and whether the image of a closed set is also closed.

Definition: A function f: X - Y is called aropen functior{mapping) if the image of an open set of

Xis open inY.

A function f: X - Y is called aclosed functionmapping) if the image of a closed setXins
closed inY.

In general a function which is not closed need not be open and not also the vice versa. Further a
continuous function may not be open also.

The simplest example of an open mapping is a projection mapping. For example, the mapping
T R2 . R defined by m(x, y) = x is an open mapping, but it is not a closed mapping, since
m, (K) = (0, 0) is not closed iR whereK ={(x, y); xy=1%.

Homeomorphism

Of fundamental importance in topology is the notion of homeomorphisms — mappings of very special
character, between topological spaces.

Definition: A topological spaceX, T) is said to bdhomeomorphi¢o another topological spacé, §
if there exists a bijective mappindgrébm X ontoY which is bicontinuous also (i.e., bdtland f < are
continuous).

Indeed, the bijectivity of implies that the functioffi is open iff f ™ is continuous. Thu$ is
bicontinuous ifff is both open and continuous.

4.6 INDUCED TOPOLOGY

Let X be a set and¥} in be a finite or infinite family of topological spaces.

Let f;: X - Y be an arbitrary function for eachThe weakest (also called coarsest) topology of
with respect to which eachy is continuous is called theduced topologwf X, induced by the family
{f}. Itis easy to observe that this topology is the intersection of all topologies with respect to which the

functions { f;; i 01} are continuous. Indee& = { fi'l( Q; GO T is the subbase of the induced

topology.
As a direct application of the above we get the product topology as follows.
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Definition: If {X;, T} is a family of topological spaces, then the topology induced by the projections
m: X, — X defined by ((x)) = % is theproduct topologyof X;.
Example 1: The product topology oR? is the weakest topology ¢&? with respect to which the two

projectionsrt: R? - R andm,: R? - R defined by, (x, y) = x andm,(x, t) = y are continuous.
Thus the subbasic open sets of the product topology?oéire as shown in the following diagram:

al i b

The spaceS' x S equipped with the product topology is caltedus

4.7 IDENTIFICATION TOPOLOGY

Let (X, T) be a topological spac¥,be a non-empty set ang X - Y be a surjection. The strongest

topology ofY with respect to whiclp is continuous is called thdentification topologyof Y and is
denoted byT(p).

Note thatp need not be open or closed with respedi(f).
As a direct consequence of the above we get:

Definition: If p be an equivalence relation defined on a topological spgcB,(then the strongest
topology of X /p with respect to which the quotient mappipg X — X/p defined byp(x) = [X] is
continuous, is called thguotient topologyof X/p and the pair(X /p, T(p) is called thequotient
spaceof X by p.

Example 1: Let AO X and K, T) be a topological space. Lgt be defined byp = (A x A)
O{(x,%; x X. Clearly p is an equivalence relation. The quotient spé&Xe/p, T(p) where
p: X - X/p is the quotient mapping is obtained frofby collapsing the set to a point (note any

two points ofA are p - equivalent and thus all points ok form a class).

4.8 FREE UNION OF SPACES AND ATTACHMENTS

The attachment of a spaiego another spaceé by a mappind has great importance in topology. The
construction of cone and suspension follows as a consequence.

Definition: Let (X, Tx) and (Y, &) be two disjoint topological spaces. Tihee unionof X and,
denoted byX + Y, is the setX U Y equipped with the topolog¥y ., defined as follows:
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UOTx,yiff Un XOT, andU n YOT,
It readily follows thatG O T, implies G UTy,y and H OT, implies H OTyy.

Let (X, Ty) and (Y, T,) be disjoint topological spaces and febe a closed subset ¥fand
f: A - Y be continuous, A being equipped with the relative topology. The relatidefined orX +Y
by ‘a~f(a) for eacha O A is an equivalence relation. The quotient spg@éet Y)/p is referred to as
“X attached tor by f” and will be expressed symbolically by O Y, f being called thettaching
function

>

4.9 TOPOLOGICAL INVARIANT

Any property that remains unaltered by homeomorphisms is known as a topological invariant. Such a
property will be referred to as a topological property in general.

As for example, the length of a segment is not a topological property since the nfagpingR
defined byf(x) = 3 is a homeomorphism ari{(3, 1)) = (9, 3). Similarly boundedness of a set is not a
topological property. The property of a sequence being Cauchy is also not a topological property, but
the openness of an interval is a topological property. So also is the closedness of a set. The compactness
and connectedness are important topological invariants which will be studied in the chapters to follow.

4.10 METRIZATION PROBLEM

We have seen in an earlier chapter that the metric spack defines a topology oX, namely the
topology generated by all open spheres. This topology is known as the topology indutethlsy
process of obtaining a topology from a metric evolves a pertinent question:

Given a topological spac&,(T), is it possible to define a metriton X such that the topology
induced by dwill be the same aB ?

This problem is known as the metrization problem of topology. The solution of this problem will
appear in due course.
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Separation Axioms

The character, in particular richness of a topological space, depends much upon the abundance of open
sets in its topology. In fact, the more is the number of open sets, the stronger is the topology and then
higher is the chance of any function defined on it being continuous. The study of separation axioms
initiated by Alexandroff and Hopf provides us a tool of analyzing the strength of various topological
spaces.

5.1 THE AXIOMS

Let (X, T) be a topological space.
The separation axioms as per Alexandroff and Hopf are as follows:

T,-axiom For every pair of distinct points ¥ of X, there exist open se@G andH of X such that
xOG, yDGandyOH, x0T H.

T, -axiom For every pair of distinct poinisy of X, there exist open se&and Hof X such thatx 0 G
andyUH,Gn H=g.

T, -axiom For every point f X and every closed sBtof X not containing, there exist open se®
andH of X such thatx 1G andF O H,G n H = ¢@.

T,-axiom For every pair of disjoint closed sétsandK of X, there exist open setsd@hdH of X such
that FOG andK O H,Gn H=g.

Definition: A topological spaceX, T) is called aT, -spaceif it satisfies theT, -axiom.

T,-axiom T,-axiom

First observe the following:

Theorem 5.1.1: A topological spaceX, T) is a T, -space iff every singleton subsetfs closed.
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Proof: Let (X, T) be aT,-space and Igt be an arbitrary point of. We shall show thafg © is open.
To this end letx O{ g ©. Now x andp being distinct points there exist open $8fsand H,, such that
xOG, andpG,. Let G=0{G,; x p} . ClearlyGis open ands ={ g °. So {p} is closed.

Conversely, lek andy be two distinct points of. Then {} and {y} are two closed sets. So¢ ©
and{y} ¢ are two open sets satisfying the conditions th#{ ¥ ¢ and x [I{ } ©. Hence (XT) satisfies
the T, -axiom, i.e. X is aT,-space.

Corollary: Every finite subset of &, -space is closed.

Definition: A topological spaceX, T ) is a called &I, -spaceor aHausdorff spac it satisfies theT, -
axiom of separation.
Note the following then:

(a) Every Hausdorff space isTg-space.

(b) Every metric space is a Hausdorff space.

(c) Every subspace of Hausdorff space is Hausdorff.

(d) The cartesian product of Hausdorff spaces is Hausdorff.

() The sef{(x, ¥; xO X isclosedinX x X if Xis Hausdorff.

() Every convergent sequence in a Hausdorff space converges to a unique limit.

An interesting at the same time important result about Hausdorff spaces is the following:
Theorem 5.1.2: If (X, Ty ) be atopological space af¥d, T,) be a Hausdorff space arffidg: X - Y
are continuous functions, then

(i) Theset{x,0X; f(¥ = d ¥ is closed irX
(i) f(x) =g(x) for allx in D, D is dense irX impliesf(x) =g(x) for all x in X.
(i) The set grapth ={(x, f(X); xO R isclosedinX xY.

Proof: (i) Since{xOX, f(» =d ¥ =y (A wherey: X - Y x Y defined by
Y (x) = (f(x), o(R) is continuous andr ={(y, y); yO¥, the result follows:

(i) Since by {) D is closed and by the given conditi@nis dense,X = D = D. Hence the
result.

(i) Note graphf = ¢ (A) where ¢: X x Y — Yx Y defined by¢ (x, y) = (f(X), ) is
continuous. Hence the result follows:

f(x)

X X

Definition: A topological spaceX, T) is called aregular spacef it satisfies theT; -space.
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First note that a regular space need not that hespace and hence need not be a Hausdorff space.
This is clear as the space, ) with X ={a, b, c}, T={@{& { b}c, X isregular but nof, -space
(note the singleton set i®)is closed}.

Definition: A topological spaceX, T) is called aT;-spaceif it is regular andT, .

Observe that every, -space isT, -spaceb but not conversely. Since & -space is alsd; -space,
every singleton set is closed and therefore for any two distinct poardy of X, {y} being closed,
there exist two open seBsandH separatingcand {y}, i.e., x OG, {§} U H, G n H, but this is exactly
the requirement of a Hausdorff space.

A Hausdorff space which is not regular is the sp&;aJ) whereT is the topology generated by all
open intervals an@. Evidently T 0 U and henc® is Hausdorff but it is not regular since the closed
setQ° and the pointL [1Q° can not be separated by disjoint open sefs of

Other important results about regular spaces are

(i) Every subspace of a regular space is regular,
(i) The cartesian product of regular spaces is regular.

Let C(X, R) denote the set of all bounded continuous real functions defined [GnA family A of
functions from @X, R) is said to separate pointsXif for every pair of distinct points, y of X, there
exist f O Asuch thatf (x) # f(y).

It readily follows that X, T) is Hausdorff ifC(X, R) separates points &f This is clear, as for<y,

there existf OC(X,R) andr OR such that(k) <r <f(y) orf(y) <r <f(x). Evidently in the first case
{xOX f(¥ < and{xOX f(¥ > are disjoint open sets &fcontainingk andy respectively.
Similarly for the second case we can find disjoint open sets sepatairty.
Definition: A topological spaceX, T) is called &ompletely regular spagéit satisfies the property that
for every xin X and closed set Bf X, not containing, there existf OC(X,[0,1) such thaf(x) =0
andf(F) = 1.

A completely regular space is sometimes referred to'@g gpaceor Tychonoff space.

From the definition it follows that
(i) Every completely regular space is a regular space. This is evident as fonaghdirsind a

closed set not containing there existsf OC(X,[0,1) such thaffi(x) = 0 and §F) = 1.
Now considerG ={x0O X f(y <223 andH ={x0OX f(3 >22. ClearlyG andH
are disjoint open sets containir@ndF respectively.

(i) For everyxand a closed s€tof X, there exists a functiog 00 C( X, [0, 1) such thag(x) =
1 andf(F) = 0.

(i) C(X, [0, 1] separates points Hfif X is completely regular.

(iv) Every Tychonoff space is & -space.
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Definition: A topological space is calletbrmalif it satisfies theT, -axiom and is &, -space, i.e., for
every pair of disjoint closed seks and G, there exist disjoint open se® andH of X such that
FOG,KOH.

A normal T, -space is called &, -space
The following results directly from the definition:
(i) Every metric space is normal
(i) A normal sapce need not belaspace. Consider the spaeg ) whereX = {a, b, ¢} and
T={e{a{b{ a b, ,}X.ClearlyXis normal butitis not d -space asd} is not closed.

(iii) Every T,-space is al;-space and hence Hausdorff also.

5.2 URYSHON’'S LEMMA AND TIETZE'S EXTENSION THEOREM

The fact that a topological space is rich in open sets ensures that it is rich in continuous functions. This
is assured by the following results:
Urysohn’'s Lemma: If (X, T) is a normal space afdandK are two closed subsets Xf then there
exists f OC(X,[0, 1) such thaf(F) = 0 andf(K) = 1.

The proof of this theorem is bit lengthy and is therefore left here but can be seen in [9].

This lemma however leads to the following very useful result.
Tietze’s Extension Theorem:If X be a normal space afdbe a closed subset Xfequipped with the
relative topology, then every continuous function fifemo [a, b] admits of a continuous extensionxo

For a proof the reader is referred to [9].

Note the condition of closednessFois an unavoidable condition for the conclusion as can be seen
from the following example:

Let X =[O0, 1],F = (0, 1] and(x) = (1k). ClearlyX is normal/F is not closedf is continuous offr,
butf does not admit of a continuous extension to [0, 1].

We conclude this section with the statement of a remarkable result on metrization.

Urysohn’s Metrization Theorem: Every second countable normgtdpace is homeomorphic a subset
of the Hilbert Cubel “.

Recall the Hilbert cubé"™ = {(xy, X,, X3,...) OR"; |%,|< 2/ 1} endowed with the relativized usual
topology.
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Compactness

One of the most useful topological properties is compactness. In what follows we shall explore this
feature as much as is necessary for our purpose.

6.1 SOME BASIC NOTIONS

The definition of compactness of a topological space requires the notion of a cover of a set. So we begin
with this notion here.

Definition: A family {G},; of open sets of a topological spaXes called anopen coverof X if
X=0G.

ial

If the index set is finite, the cover is calledfaite cover On the other hand Ifis infinite, it is
called ainfinite cover If in particular ifl is countable, it is called@untable coverlf | is uncountable,
the cover is known as amcountable cover

For example, the family{(m, m+1); mOZ} is a countable (infinite) cover dR. Note
R =0{(m, m+1); mOdZ} . Similarly the family{(r —1,r +1);r OI } is an uncountable cover Bf

Definition: A family ¢ ={G},; of open sets is called apen coveof a subseK of Xif K 0 OG,.

The cover idinite if the index set is finite. The cover is infinite, ifis infinite. The cover isountable
if 1 is countable.

Clearly the family{(r -1, r +1);r 0 Q n [0, 1]} is a countable cover of [0, 1].

Note [0, O 0O{(r -1,r +1);r OQ n [0, 1}. Similarly the family of open unit discs centered at
(p, q) where p, q0Q n [0, 1] is a cover of [0, f]

If SO C andSis a cover oK, thenSis called a subcover &.
Definition: A topological spaceX;, T) is said to beompactf every cover oiX has a finite subcover.

A subseK of a topological spack is said to beompactif every cover oK has a finite subcover.

It is easy to see that a sub&ebdf (X, T) is compact iff it is compact as a subspac& af the
relative topology.

First note thaR is not compact since the co§r—n n; nON of R has no finite subcover. So

also is the set (0, 1) as the coy@rn +1, 1/n); nON} has no finite subcover. The set {0, 1n,11/2,
..., 1in, ...} is compact.
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A notion that is closely related to the compactness criterion is the following:

Definition: A family «o7 of subsets of a topological spac€ 1) is said to havdinite intersection
property (FIP) if every finite subfamily oA has non-empty intersection.

For example, the famil{(—n, r); nON has the finite intersection property but the family
{(n, n+1); nON} does not have the finite intersection property.

The following characterization of compactness in terms of finite intersection property is worth
noting:

Theorem 6.1.1: A topological spaceX, T) is compact iff every family=7 of closed sets of having
finite intersection property has itself a non-empty intersection.

Proof: Let X be compact. Since proving that a family of closed sets having finite intersection property
has entire intersection non-empty is equivalent to proving that a family of closed sets with the entire
intersection empty has a subfamily with empty intersection, we shall prove the second proposition only.
T this end let Fi} be family of closed sets of having entire intersection empty, i.e.{F; i0I} = ¢
Hence O F° = X, is an open cover oK is compact, £ has a finite subcover, i.e.,
F°O0F °0FR °=X. This implies thatF, n K n..n F =@. Thus every family of closed sets
halving fiznite intersection property has the entire intersection non-empty.

Conversely, Gi} be an open cover of. Then {G} is a family of closed sets withh G = ¢. But
by the equivalence of finite intersection property, there exists a finite f&t‘sﬁlyw Gzc N ...n Gﬂ ‘=g,
or G, 0 G, O..0 G, = X. This implies the compactness Xf

The following results have important bearings over many results of analysis:

(i) Every compact set in a Hausdorff space is closed.

(ii) Every closed subset of a compact space is compact.
(iii) Every compact set in a metric space is closed and totally bounded.
(iv) Continuous image of a compact set is compact.

(v) For every pair of disjoint compact sets in a Hausdorff space, there exist two disjoint open
sets, which separate them.

(vi) Every compact Hausdorff space is normal.
An interesting result on the impact of compactness on homeomorphism is demonstrated below:

Theorem 6.1.2: Every bijective continuous function from a compact space onto a Hausdorff space is
a homeomorphism.

Proof: Letf: X - Y be a bijective continuous mapping attde a compact space avithe a Hausdorff
space. To prove théts a homeomorphism, it is enough to prove fliebpen. To this end 1€ be open
in X. ThenG® is closed. Sin&X is compacG’ is compact. A$is continuousf (G°) is compactY being
Hausdorff f (G is closed. Sincéis a bijectionf (G°) =Y =f (G). Hencef (G) is open. This completes
the proof.

Corollary: If f: X = Y is an injective continuous mapping,is compact,Y is Hausdorff, theri is a
homeomorphism fronX ontof (X), sincef (X) is a Hausdorff space in the relative topology.
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6.2 OTHER NOTIONS OF COMPACTNESS

There are a few other notions of compactness which are also related to the above notion of compactness
in a nice way.

Sequentially Compact Sets
A subset of topological spac#,(T) is said to besequentially compadt every sequence iK has a
subsequence which also converges to a poiit of

Note every finite subset of a topological space is sequentially compact as every sequence must have
at least one term repeated infinitely many times in a sequence which constitutes the convergent
subsequence. The set (0, 1) is not sequentially compact as there exists a sequeeh{has no
convergent subsequence with limit within (O, 1).

We have already seen that in a metric space a set is compact iff it is sequentially compact.

Countably Compact Sets

A subset of a topological space [I) is calledcountably compadf every infinite subsef of K has a
limit pointin K.

As for example, the set [0, 1] is countably compact, since every infinite subset of [0, 1] is bounded
and therefore by Bolzano Weisstrass theorem has a limit point in [0, 1], the set [0, 1] being closed.
Observe the set (0, 1) is not countably compactas the infinite subset {1/2, 1/3, 1/4, ...} has a limit point
not in (0, 1).

The following observations can be made easily

1. Every compact set is countably compact but not conversely.
2. Every sequentially compact set is countably compact but not conversely.
3. Every countable open cover of a sequentially compact set has a finite subcover.
4. In a metric space the following are equivalent.
(i) Kis compact

(ii) Kis sequentially compact

(iii) K is countably compact.

(iv) The product of compact spaces is compact.

6.3 COMPACTIFICATION

A topological space may not be compact but is can be made compact by adjoining one or more points to
it and redefining topology in a natural way. For example the reaRlis@ot compact but if a single point

is added tdR, then it becomes compact in a naturally extended topology. This phenomenon is referred
to as compactification of the original space. The topologization of the expanded set is done as follows:

Definition: A topological spaceX is said to be embedded in another topological spyaideX is
homeomorphic to a subspaceYoflf Y is compact, thely is called acompactificationof X.

The one-point compactificatiofalso calledAlexandroff compactificatignof a topological space
(X, T) is achieved in the following way:
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Step 1 Adjoin a point{[} to the seX is denote the expanded set Ry, i.e., X, = X O{} The
point [ is called the point at infinity.

Step 2 The topologyT,, of X consists of all the members of T together with the complemerxs in
of all closed and compact subsetsxof
It is easy to verify thatr, is a topology and X, T;) is a compactification ofX; T).

Though the topology, is obtained by extending it need not possess the same properties as those
of T. But interestingly the following is true:

Theorem 6.3.1: If (X, T) is locally compact Hausdorff, then its one-point compactificafip, T-)
is also compact Hausdorff.

Another observation that leads to a distinct compactification of a topological space is this that if a
topological spac« is a subspace of a compact Hausdorff space, then it is completely regular. This
observations raises a question as to whether every completely regulafTsgfzsce admits of a
compactification. The following theorem gives an answer to this question:

Stone-Cech TheoremEvery completely regular;-spaceX can be embedded as a dense subspace of

a compact Hausdorff spag@(X), called theStone-Cech Compactificatiardf X with the property that

every bounded continuous real function has a unique extension to a bounded continuous real function on
B(X).

The proof is much involved and left here but can be seen in [9].



CHAPTER 7

Connectedness

Connectedness is another topological property which has a significant bearing upon many results of
analysis and topology. We begin with some basic notions.

7.1 SOME BASIC NOTIONS

The notion of connectedness is best explained by the notion of separated sets.

Definition: Two subsets of a topological spacg T) is said to be separated An B=¢ and
An B=g, i.e., none ofA andB contains a limit point of the other.

For example, the setd = (0, 1) andB = (1, 2) are separated, sinfe= [0, 1],B = [1, 2],
[0,1]]n (1,2)=¢p and(0,1)n [1,2]= ¢

For examples of sets not separated, consier{(0, y) 1R% -1< y<1} andB ={(x y OR?
y =sin (1K), 0< x< 1.

Clearly A andB are not separated as A contains many limit poing& of

G e
—.—f'
—

i

Definition: A topological spaceX, T) is said to belisconnectedf there exist two disjoint open seés
andH of X such thatX = G 0 H. Note that both GindH are closed also. The expressiBn] H is
called a disconnection of.

A topological space is calledconnectedf it is not disconnected.

A subset K of a topological spacg ) is said to be disconnected if there exists two ope@ sed
H of X such thatk = (G n K)O(Gn K),(Gn Kyn (Gn K)=¢.

It is easy to note that a subsetXfs disconnected iff it is disconnected as a subspacé of
endowed with the relative topology.
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Further note that any singleton set is always connected.

Example 1: Consider the topological spac¥,(T) whereX = {a, b, ¢, d} and T ={@ {a B,
{c, &}, R. Clearly the setd, c} is disconnected, as the $&t= {a, b} andH = {c, d} are disjoint open
setsandK ={a, ¢ =(Gn K O(Gn K.

Example 2: The setK ={(x, y) OR?% »x*- y¥=2} is disconnected inR? U) since G ={(x Y)
OR% x>1} andH ={(x, y) OR? x<1} are open i andK = (G n K) 0 (G n K).

The relation of separated sets with connectedness is exhibited in the following result:

Theorem 7.1.1: A setK is connected in a topological spacg 1) iff K is not the union of two
separated sets.

Proof: To prove the result it is enough to prove that &dstdisconnected iK iff it is the union of two
separated sets o,

To this end assumi to be disconnected. Then there e®it H O T such thatk =(G n K) O
(HnK), (Gn K)n (HNn K)=¢. If possible let(G n KandH n K) be not separated.

Then without loss of generality lefG n K) n (H n K) # ¢. This implies that a limit poinp of
G n K belongs toH n K. But sinceH is open containing, it must intersecG n K at a point other
thanp. But this impliesG n K andH n K are not disjoint. This is a contradiction. Herféen K and
H n K must be separated. The converse follows by a similar argument. This proves the result.

Theorem 7.1.2:1f A andB are connected and not separated inT)Xthen A[J B is connected.

Proof: Suppose o B is disconnected. Then there exist open g8tand H such that
AOB=(AODBNn QO AI Bn B and (AOB)n G n ((AO Bn H)=¢. SinceA is
connected, eitheAd G or A H (Recallif GO H is a disconnection of a détandF is a connected
subset oK, then eitherF D Gor FOH) and similarlyBO G or BOH. If AOG and BO H,
then (AOB)n G= A and (A B)n H= B are separated sets. But this contradicts the hypothesis.
Hence ADBO G or AOBOH and soGH is not a disconnection oA B, i.e., AOB is
connected.

An interesting characterization of connectedness is contained in the following result whose proof
follows directly.

Theorem 7.1.3: A topological spac& is connected ifX and ¢ are the only closed subsetsXof
As a direct consequence of the above we observéRtimtonnected.
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Example 3: The spaceX, T) is disconnected whed¢={a, b,ctand T={g {&{ b} X
The following result is very useful in real and complex analysis.
Theorem 7.1.4: The continuous image of a connected set is connected.

Proof: LetAbe aconnected set in a topological spX¢c&)and letf: X - Y be a continuous function
where (Y, T') is another topological space. If possiblef I&%) be not connected M. Then there exist
G, HOT' suchtha(f(A) n G O (f(A n H) and(f(A n G) n (f(A n H) = ¢. Clearlyf *(G)
andf ~* (H) are open sets &fand A= f(G) O f™(H). Further(An f(G)) n (An f(H))=¢.
This meandA is disconnected, contrary to our hypothesis. Hén@g must be connected.
Definition: A maximal connected subset of a topological space is caltetn@onenf X. Thus a
componenK is connected and F is also a connected subsetoénd K O F, thenK =F.

A central fact about components of a topological space is the following:
Theorem 7.1.5: Every topological space is the disjoint union of all its components, i.e., the components
of a space constitute a partition of the space.

A standard argument proves the theorem.

Another result of interest about connectedness is given below.

Theorem 7.1.6: A product of connected spaces is connected.
The proof is a consequence of the fact that the projections are continuous functions.

Corollary: The Euclidean spade” is connected.

7.2 OTHER NOTIONS OF CONNECTEDNESS
We begin with local connectedness.

Locally Connected Space
A topological spaceX|, T) is said to béocally connected at a pointgf X if every open neighbourhood
of p contains a connected open set contaiping

A space X, T) is called locally connected if it is locally connected at each poiXt of

A subset Kof a topological space is calllxtally connectedf it is locally connected as a subspace
of X when endowed with the relative topology.

For exampleR is locally connected since it is locally connected at each point of it.

Again considerA={(0, y); -1< y<l} andB={(x y; y=sin(l/X,0< x< 1}

Clearly AB is not locally connected since any neighbourhoogd dbes not contain a connected
neighbourhood.
Path-connected Space

A path from a poin& to the poinbin a topological spac&(T) is a continuous functiorf : 1 — X with
f (0) =a andf (1) =b wherel = [0, 1] The point is called thenitial point andb is called thaerminal
point of the path.
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It should be noted that though the function has been referred to as a path, it is actually the image of
I in X. Further if there is a path fromto b, there is also a path fromto a given byg(s) =f (1 —s).

The constant functiorf : | — X defined by f(s) = pO X defines a constant pathptlf there is
a path from ao b and another path frommto c, then there is a path froeto c.

Indeed, if f:1 - X is apath froratobandg: | —» X be a path fronb to c, then the path from
atocis given by f Og: | -» X where f Og is defined as

(fOg) (s) =f (259) when0<s<1/2.
g(2s—1) whenl/2< x< 1.

Definition: A topological spaceX, T) is said to bgath-connected every pair of points oK can be
connected by a path.

A subse of a spac« is said to bgath-connected every pair of points oK can be connected
by a path.

The maximal path connected subset of a space is callathaonnected component

Simply Connected Space
We need to begin with the notion of closed path and contractibility.
A path f:1 - X is said to belosedif f (0) =f (1).
A path f:1 - X is said to bénomotopicto another pattg: | - X both having the same initial
pointa and the same terminal poimif there exist a continuous functiad: 1> — X such that
H(s, 0) =f (s), H (0,b) = a
H(s, 1) =g (s), H (1,b) = b.

The fact thaf is homotopic ta is denoted byf 0 g.

It can be easily verified that homotopy relation is an equivalence relation in the collection of all paths
fromatobin X
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t1

Definition: A closed pathf:l - X is said to becontractibleto a point if it is homotopic to the
constant patte,: | - X wheree, (s) = p for all sC I.

Definition: A topological spacé said to be simply-connected if every closed patk is contractible
to a point.

For example an open connected disRris in simply connected but an annular regioR%is not
simply connected.

The diagram below explains the difference geometrically.
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CHAPTER 1

Algebraic Preliminaries

We assume familiarity with the following concepts: [a] group [b] abelian group [c] subgroup [d] ring
[e] subring [f] field [g] homomorphism (group, ring and field) [h] isomorphism (group, ring and field).
We denote byJthe binary operation in a group and let 1 denote its multiplicative identayislan
element of a group, writg™ to denote its inverse elemeutb will be sometimes written as abor an
additive group, we use +, 0 and iastead of ., 1 and.

1.1 SOME BASIC NOTIONS

Definition: Let A be an additive abeliagroup andB, C two subsets ofA. We writeB + C for the set
{b+cbOB cd G B+Cis called thesumof B andC. If {B,: a O I} is an arbitrary collection of
subsets of, then the sum ofB,: a O I} is defined to be the set of all finite sulms + ... + b, :h, O B,
i=1..,n,n=1.

Proposition 1.1.1: If for eacha 01, B, is a subgroup oA, then so is their sum. Proof is easy.

Definition: If Ais an abelian group of whidk is a subgroup, thenc@setof Aby A is a set of the form
[a] ={a+ & gl A), whereais a fixed element oA. A/A, denotes the set of all cosetsfoby A,
Define[a] +[aj] =[ a+ a}. With this operation, it is easy to see tA&, is an abelian group. This is
called thefactor groupor quotient groupof A by A,.
Proposition 1.1.2: If A is a subgroup of, andA, is a subgroup oh, thenAyA, is a subgroup oA,
and (A/ Ay)/( Ay! A) is isomorphic toA/A.
Proposition 1.1.3: If B, C are subgroups oA, then so isBn C and (B +C)/C is isomorphic to
B/Bn C.

The proofs are straightforward.

If A, B are abelian groups angd A — B is a homomorphism, thep(0) is a subgroup d8. This
subgroup is called thieernelof g.

Definition: A sequence.- - A, .1 [ tr. A 0%~ A,_; - ... of abelian groups and homomor-
phisms [finite or infinite] is calleéxactat A,, if kernelof @, =image of ¢, , ; . The sequence is called
exactif it is exact at everya,.



88 Topology

Proposition 1.1.4: If {O} is the group consisting of 0 onlyA, is a subgroup oA, i: A, - A is the
inclusion map given by(a) = a and p: A - A A is the projection map given lpya) = [a], then

o of. A, 0o ADPL NQ,D@—» (9 is exactwhere j;(0) =0 and j,([a]) =0 for all
[a] O A A,

Let A andB be abelian groups angl ¢: A -~ B be a homomorphism.

Define @, ¢: A - B by (p +¢) (a) =¢@(a) + ¢(a). Clearly ¢ + ¢ is a homomorphism. With
this operation, the set of all homomorphisms fidimto B is an abelian group. This group is denoted by
Hom (A, B).

If @, ¢ are homomorphism frorA into B and ¢, ' are homomorphisms frof into C, then

@p: A » C defined bygy(a) = p(@(a)) is again a homomorphism and
@+)Y=@h + oy
oW +y) = + oy
Let {A,} be an indexed family of abelian groups. Consider all elemegts in their Cartesian
product for whicha, = 0 except possible for finitely many values ®f
Define [a] +[a] =[ a+ d. Then we obtain an abelian group called ééernal direct sunof
{A;} and denoted by A,. If we withdraw the restrictioria, =0 except possibly for finitely many
values ofa” the resulting group is called théect productof { A,} and denoted by] A,. If {A} is
a finite family, [T A, = > A, . If {A)} is a family of subgroups of an abelian graupshose sum &
such thatA, n Ay ={0} if a # a’, thenAis called the internal direct suof { A;}. In this case\ is
isomorphic toy A,. On the other hand, {fA,} is any family of abelian groups, ea¢yy is isomorphic
to a subgroupB, of > A, and > A, is the internal direct suraf the family{ A,}.

1.2 FREE ABELIAN GROUP

If Ais an additively abelian group, lea denotea + a ... + a[n times] for a positive integer, = o for
n=oand (@) + (-a) + ... + (-3 [n times] if nis a negative integer. Fd O A, call the smallest
subgroup containing the group generated by Bhis group generated iB/consists of all finite sums
nb+..+n b wheren, .., n, areintegers ant, ..., 0 B. Theorder of all A is the cardinality
[or order] of the subgroup generateday

An additively abelian group is calledfreeif it contains a subs& such that (i is generated b
and (i) any element df can be uniquely expressedig$, + ...+ n, by, n integers,b 0 B. Bis called
abasisfor F.

Proposition 1.2.1: The cardinalities of any two basesFoére equal.
The cardinality of dasisof F is called theank ofF.

Note: If the rank ofF is infinite, it equals the order &%

Proposition 1.2.2: If F is a free abelian group with a baBiandA is any abelian group, then a function
from B into A can be uniquely extended to a homomorphism firaimto A.
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1.3 NORMAL SUBGROUPS

Let G be a multiplicative group [not necessarily abelian]. A subgi®yf G is callednormal(or self
conjugaté if g'lgo g Gforall gOG, g,0 G, If G, is normal, the factor grou@/G, can be
defined as in the abelian case. ThaterC of G is the set of elementfor whichcg=gcfor any g U G.

Proposition 1.3.1: The centreC of a groupG is a normal subgroup @.

Definition: An element of the formy™g'1gd, g g0 Gis called aommutatowof G. The subgroup
generated by the commutators of G is callecciramutator subgroupnd denoted byd, GJ.

Proposition 1.3.2: [G, G] is normal inG andG/[G, G] is commutative.

If G, is normal inG and G/G, is commutative, thefiG, G] O G

Proof: The elements ofG, G] are finite productsh ..., , whereh =g k" a p, a b0 G Let
g O G, then

g'a'h'ahg=g a gag g P ab
g=9"a gala (kg a(bpil G B
Supposegth, ... h,gO[G G for m< n-1, n>1. We showg™h...h gO[G Q.
g_1 h,..hg= g_l h...hR-10 Ql hdg Ql h... h g G Bby induction hypothesis since
9'h,ge[G Q. Hencegth, ... h, g0 (G, Q. Thus [G, G] is normal.

To showG/[G, G] is commutative, enough to sh@lG, G] = ab for anya, b in G.

(@b)[G d=al( ap[{ ¢ G gb=[ G IG b Let G, be any normal subgroup & such
that G/G, is commutative. To shoyG, G] O G, enough to shova™ bt abd G for anya, b in G.
Consider the elemera > b abin G/G,. This is (a)™*(b)™(8) (b = (1) by commutativity. Hence
alblabd G

1.4 IDEALS OF RINGS

Definition: LetRbe aring. Awo-sided ideain Ris a subrind such thatfom O I, r OR, ra,ard1.

ConsideringR as an additive abelian groug/] is well defined. Multiplication can be defined Bfi in
a natural way. With this structurg/l is a ring and it is called thguotient ringof R by I.

If R, Sare two rings angx R - Sis a ring homomorphism, then the kerkealf ¢[ :(p_l(o)] is an
ideal inR, ¢(R) is a subring o6and ¢ induces an isomorphism betweeiK and ¢(R).

Definition: A diagram
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whereA, B, C, D are setsg, p,y,0 aremapsA - B, A- C, B- D, C- Drespectively, is said
to be commutative ity ¢ = o p.

1.5 G-SPACES
Definition: Let G be a group. A sdi is called deft G-spacef there exists a mapping fro@ x E into
E [the image of§, X] being denoted byg[X] such that
(@) forany xOE,10x= X
(b) forany xOE, g, 0 G (g ¢)Ux g gl x
A setE called aright G-spaceif there exists a mappindg x G - E such that
@ xM=x

(b) xMaq ) = (xOg) Ug
forall xO X, g, g0 G.
In what follows, we deal only with riglé-spaces. A similar treatment of I&tspaces is possible.

Theorem 1.5.1: Let E be a rightG-space. Fixg [l G and defineg,: E -~ E by @y(x) = x0g. Then

@y is one-one onto.

Proof: Let x € E(pg(pél(x) = (ng_l) Og= XX g_l g= XxX1= xSimilarly, (pél(pg (xX) = x.
Hence(p(;1 = ((pg)_1

Henceg is one-one onto.

Definition: A groupG is said tooperate effectivelpn E if ¢y is the dentity map implieg = 1. Let
E;, E, be rightG-spaces, A mapping: E; -» E, is calledG-equivariantif.
f(xOg) = f(X Ogforall xO E gd G
f is called arisomorphisnif there is aG-equivariant mapf: E, — E; such thatf’ = f .
It is enough to show that if: E; — E, is G-equivariant, one-one, and onto, tHésG-equivariant.
Let f beG-equivariant, one-one, onto. Lgte E. Theny = f(X) for somex. Let g € G.

f(yOg) = F(f(¥0d = f(f(x09)= xJg= ( yOg
An automorphisnof a rightG-space is a self isomorphism.

Definition: A right G-spacek is calledhomogeneous for any x y in E, there is a gn G such that
Xg =Y. In such a casé is said toact transitivelyon E.

Theorem 1.5.2: Let G be a group. IH is a subgroup, then the €&H of all right cosets o& by H form
a homogeneous rigl@-space.

Conversely given any homogeneous righspaceE, there is a subgroud of G such that is
isomorphic to the righ-spaceG/H.

Proof: Define onG/H x G by [Hg,] g, = Hg; g, Itis easy to verify thaB/H is a rightG-space.
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Let E be homogenous-space. Choosg,[J E. LetH ={g0 G x [g= x}. ThenH is asubgroup
of G.

Definef on G/H into E by f(Hg) = x,0g. Thenf is well-defined. For, letHg; = Hg,, then
H = Hg,g;* so thatg, g e H. Hencex, g, G = % So thatx, g, = %, g,

It is easy to see thais one-one, ontG-equivariant.
Definition: A subgroupH of G as defined above is called tisetropy subgroup of Gorresponding to

Xo-

Remark: The subgroud defined above depends ag. If we choose another poing, H is replaced
by a conjugate subgroup Ht

Proof: There existsg, such thatx, Cg,= %. Then

{g0G x0g=% = g0 G ¥0g0gF x0g={ § G g & = =
{¢ 09608 = ¢ Hg
Theorem 1.5.3: Let E be a homogeneous rigBtspace andgz E — E an automorphism. Then for any

xO E, x and ¢(X) have the same isotropy subgroup. Conversely, yf(0 E have the same isotropy
subgroup, then there is an automorphisniE@uch thaty = @(x).

Proof: If ¢ is an automorphism d, x € E, then
x0g=xo o(xtg =e(3=e( ¥Ug=e( X
Thusx and ¢(x) have the same isotropy subgroup.
Conversely, lek, y have the same isotropy subgroup. zet E. As E is homogeneous, there is a

g 0 G such thatz = xOg. Define ¢(z) = yOg. Sincex andy have the same isotropy subgroup, this
definition is independent of the choicegfit is easy to verify thafp is an automorphism.

Remark: If ¢ andg, are two automorphisms on a homogeneous ByBpaceE such that for some
xOE,@(X) =@, (X, then for everyyOY, g (y) = ¢.( y).

This follows from the fact thay = x g for someg O G.
Theorem 1.5.3: A group A of automorphisms of a homogeneous rightpaceE contains all
automorphisms ok if and only if, for any, y [ E such thak and yhave the same isotropy subgroup,
there is ap € A such thatp(x) = .
Proof: If x, yO E have the same isotropy subgroup we have seen that there is an automermmsm
E such thatg (x) = y.

Conversely, suppose for ary y O E there is ap € A such thatp(x) = vy.

Let ¢ be any automorphism da To showy O A, it is enough to show that theregd] A such

that ¢ and{ agree at some point. Let[] E. (X andx have the same isotropy subgroup. Hence
there is ap [ A such thaip(x) = ¢/(X).
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Definition: Let G be a group anHl a subgroup of.

Let N(H)={gOG gH g'= B.

ThenN(H) is called thenormalizer of H It is a subgroup d& containingH as normal subgroup and
it is the largest such.

Theorem 1.5.4: Let E be a homogeneous rigl-space and leH be the isotropy subgroup &
corresponding to any poin, € E. Then the group of automorphisms dt is isomorphic to KH)/H.

Proof: Let S={x xO E His the isotropy subgroup ox }.

Step T N(H) acts transitively orS. Let xOS g0 N(H, (x090h x0dgl( X pO hd=
X « (xOgH Ogl= x= xDdgdH §'= % ghgdD H- HThusxOgO S Letx, YO S.
G acts transitively onE. Hence there isgG such that y=Xx0g. We show that
g0 N(H) OxOgd S« His the isotropy subgroup of g. Thus

he H - (xOg Oh= x0g- x ghg'= % ¢ K g0 H
Thus g ChOgt= H.

Step 2 If xON(H)/H, xO S Define x[&r = xOgif a = Hg Note that this definition is
unambiguous, for ifHg, = Hg,, g 0d;'0 H so thatx Og, = xOg, for xO S. Clearly N(H)/H acts
transitively onS. Further, if X [&r = X for any x O E, x(r O N( H/H) thena = H.

Step 3 Letx, yO S. There ispd A such thatp(x) = y. This is true ag andy have the same isotropy
subgroup.

Step 4 Define FonA as follows: Letg(x,) = y. then bystep 2 there is a uniquer O N (H)/H such
that y = x,. Put F(¢) =a. By step 3 F is onto.F is one-one. For leF(p) = F() =a. Then
o(x,) = %[ =(%,). Hencep =y as they agree at one point. Lastly, lefp) =a, F(y) = B.
Then g (%)) = @(% B) = ¢(%,) LB = (%,Lr) OB = x,[a B). HenceF (gy) = a B = F(¢) [F ().

Note: The definition ofF depends on the choice xf

1.6 CATEGORY AND FUNCTOR
Definition: A category Cconsists of:

[i] aclass of objects, denoted &¥(C)
[ii] Forevery pair, XY of objects, a set of morphisms frofto Y, denoted byC(X, Y) or [X, Y].
If aOC[X, Y] then Xis called the domain ofr andY the range ofa; one also writes

a:X - YorX O Y, orsimply X - Y to denote morphisms froXto Y.
[iii] For every ordered triple of objecxs Y, Z a map fromC(X, Y) x C(Y, Z) to C(X, 2), called
composition; the image dfr, B) is denoted byB,a or Ba, and is called the composite

of B anda. These data have to satisfy the following two axioms:

[IV] yvo(Boa) =(yoB) 0 [associativity whenever
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x 0fL vyobfo zot w
[V] There exists an identity morphisid: X - Y, for every objecK, such thata,id, = a,
idyoa =a whenevera: X - Y. These identities are easily seen to be unique.
Examples:

[i] The category of set§=Sets. The objects of the category are arbitrary &&t§Sets] = The
class of all sets), morphisms are maps Y|= set of all maps fronx toY), and composition
has the usual meaning.

[ii] The category of abelian groups, H&e AG. andOW(AG) is the class of all abelian groups.

[X, Y] = Hom (X, Y) is the set of all homomorphisms frofito Y, and composition has the
usual meaning.

[iii] The category of topological spac€s= Top. HereOb(Top) is the class of all topological
spaces, X, Y] is the set of all continuous maps frofrio Y, and composition has the usual
meaning.

Definition: If C', C are categories, the@' is called asubcategonof C provided.
[i] Ob(C) 0 Ob(Q

[il C(X,Y)YO C(X, Y)foral X, YO Ob Q

[iii] The composites ofr OC'(X', Y'), B0 C(Y, 2) in C' andC coincide.

[iv] The identity morphisms ofX 0 Ob(C) in C' andC coincide.

If furthermore,C'(X', Y') = C( XOY) forall X', Y'O O Q, thenC' is called dull subcategory

Definition: Let C andD be categoriedA [covariant] functorT from Cto D, in symbols,T: C - D,
consists of

[i] amapT: Ob(CQ - Of D, and

[i] maps T=T,,:C(X Y) - OTX TY, for every X, YO Ob(Q, which preserve
composition and identities, i.e., such that

li] T(B ) =(TB) o (Ta), for all morphismsX 0% Y 0P Zinc,

[iv] T[id,] =idyx for all X O Ob(C).
Proposition 1.6.1: Let T: C - D be a functor. Ifa O0C(X, Y) is an isomorphism, then soTisand
(Ta)™ = (Ta™).

Proof: Indeedaa™=id, 0 T(a) T(a™) = T(aa™) = T(id,) = id,.



CHAPTER 2

Homotopy Theory

A main problem of topology is the classification of topological spaces: Given two spaoce, are

they homeomorphic? This is usually a very difficult question to answer without employing some fairly
sophisticated machinery, and the idea of algebric topology is that in which one should transform such
topological problems into algebraic problems in order to have a better chance of solution. It turns out,
however, that the algebric techniques are usually not delicate enough to classify spaces up to
homeomorphism. Hence we shall introduce the notiolmoafiotopy in order to achieve a somewhat
coarser classificationFor the sake of clarity, if we are presented with two spéeeslY, the problem

of deciding whether or not they are homeomorphic is formidable. We have either to construct a
homeomorphism betweex and Yor, worse still, to prove that no such homeomorphism exists. We
therefore try to reflect the problem algebraically. We associate by some means [to be made precise later]
a groupG(X) with a spaceX such that for every continuous map [not necessarily a homeomorphism]

f: X Y, there is associated a homeomorphitmG(X) - V), insuch away thatif: X - Y

happens to be a homeomorphism thirn G(X) -» &Y) is an isomorphism. Thus K andY are
homeomorphicG(X) andG(Y) are isomorphic. The converse of this result is not in general true, since
G(X) and QY) can be isomorphic even thougtandY are not homeomorphic. ThusG{X) andG(Y)

are not isomorphic andY are certainly non-homeomorphic. This method is coarser in the sense that it
is more efficacious in declaringandY non-homeomorphic rather than determining whether they are
actually homeomorphic.

2.1 BASIC NOTIONS

Definition: A topological pair(X, A) consists of a topological spaeand a subspacé O X. If
A= ¢, the pair(X, ¢) stands for the spacé

A subpair (X', A) O (X, A consists of a pair withX' 0 X, A0 A

Amap f: (X, A) - (Y, B between pairs is@ntinuous functiorf: X - Y such thatf (A) O B.

If A={p}, where pO X, then the topological paiX(A) is called gointed topological spacand
is denoted byX, p).

Result: The topological pairs and maps between them form a category, caleadehery of topological
pairs. The category contains as full subcategories the category of topological spaces and continuous
maps,Top, as well as the category of pointed topological spaces and continuousTo@s,

Proof: Easy and, hence, left to the reader.
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Definition: Given a pairX, A), let us denoteX x I, A x 1) by (X, A) x | where I=[0,1). Let X" O X.
Supposef,, f;: (X, A) - (Y, B) such thatf, [X'= f| X" (i.e., f,= fyon X"), thenf is said to
behomotopicto f relative to X', denoted by f, O f;rel. X', if there exists a function
F: (X x A)x1 - (Y, B such that

F(x, 0) = f,(x)O

Ofor xO X
F(x, D)= ()0
and F(x t)= f,(X)for xO X, tO 1.

Such a map is called @nomotopyrelative toX' from f, to f; and is denoted b: f, O f;rel. X".

If X'"=¢, we omit the word relative te.

Remark: It is easy to see that X"O X', f,0 f,rel. X" when f, O f, rel. X".

Definition: A map from Xto Y is said to beaull homotopicor inessentialf it is homotopic to some
constant map.

Examples:

(1). Let X =Y=R"O{(X)= xf(3=0 (i.e., f =13 andf is the constant map dR" to its
origin.)
If F:Rx 1 - R" is defined byF(x, t) = (1-t)x, thenF: f, O f,rel.{c}.

(2). LetX =1 =Y and definef,(t) =t and f(t) =0 for tO1.
If F:I x1 -1 isdefined byF(t,t") =@ -t')t, thenF: f, O f, rel. {d.

(3). LetXbe an arbitrary space avich convex subset &". Let fy, f;: X - Y agree onX' O X.
Then f, O f, rel. X', becausef: X x| - Y defined byF(X, t) =tfi(x) + - t) f,(x) isa
homotopy relative toX' from f, to f,.

Theorem 2.1.1: The homotopy relation is an equivalence relation.

Proof: For f: (X, A - (Y, B, define
F: f Of by F(x,t)= f(x), xO X.
Symmetry Given f: f, O f;, define F' as followsF'(x, t) = F(x,1-t).
ThenF": f, O f,.
Transitivity. Given F: f, 0 f,, G: f,0 f,,
Define H: f, O f, as follows:
H(x, t) = F(x, 2t) if o<t<1/2
=G(x 2t-1) if1R2<t<1
Note that Hs continuous, because its restriction to each of the closeX sef/2, 1] is continuous
and on he boundary also they agree
[H(x 1/2)= F(x,1) = f(x)= G(x 0)].
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2.2 HOMOTOPY CLASS

Definition: The equivalance class undgr of f is denoted by f], and is called thbomotopy class
of f.

Proposition 2.2.1: The homotopy relation is compatible with composition, i.e.f jf f;: X -,
Oo» &: Y —» Z are maps such thaft, O f,, g, U g, theng, f, Og f.

Proof. Let F: f,O0f, andG: g, 0 g,.

Define H: X x | - Z as follows
H(x, t) = G(F(x t), t); xO X, tO I.
e, H:XxIDOTM vyx1 0% ZwhereFx 1 &,t)= F ,t)t).
HenceH is continuous andH: g, f, 0 g, f.

We can therefore defirmposition of homotopy classes[yf,[ f] =[ g, f.

This defines a new category Htp: its objects are topological spaces as @bl(fip) = Ob(Top);
morphismshowever, ardlomotopy classesf continuous mapditp[X, Y] ={[ . fOTop ( X Y}

If we assign to every continuous mdp X — Y its homotopy clas§f] we obtain a function
7. Top — Htp,m (X )= x for xO Ob[Top],T f=[f].

We can define another category, lflenotopy category of pairghose objects are topological pairs
and whose morphisms are homotopy classes [relatipé 6 Htp® denotes this category, Firontains

as full subcategories the homotopy categories the topological spaces Htp [abbreviated as homotopy
category] and the homotopy category of pointed topological spaces.

There is a covariant functor from the category of topological pairs and mapsd éftd? defined
as follows:

m Top® - Htp'® withrt (X, A)= (X, A) andr (f = [f | homotopy classes f .

2.3 HOMOTOPY EQUIVALENCE

Definition: Some of the main tools in algebraic topology are fundtof®p - A whereA is some
algebraic category (groups, rings, ...). In most cases these functors are homotopy-invariant i.e.,
f,0f,0 tf,=tf,. Equivalentlyt factors throughm defined in 2.2, i.e.,t =t;m where

TopO T HtpO 1. A. Due to this fact, algebraic topologists are often more interested in the category
Htp than in Top. This leads to the following definitions:

Homotopy equivalence: A map f: (X, A) - (Y, B is said to be &omotopy equivalendé [ f] is
invertible in the homotopy category of pairs, i.e., there exists a continuougntgpB) - (X, A

such thatfg 01, and gf Oly.

Define (X, A) B (Y, B holds if and only if there exists a homotopy equivaldrimtween X, A)
and {, B).
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It is easy to check tha? is, in fact, an equivalence relation among pairs. The equivalence classes
are callechomotopytypes

The simplest non-empty space is a one-point sgag®.(We characterise theomotopy typef
such a space as follows:

Definition: A topological spacX is said to beontractibleif the identity mapl, of Xis homotopic to
some constant map #fto itself.

A homotopy froml, to the constant map &fto x,[1 X is called acontractionof X to x,.

Examples 1 and 2 of Section 2.1 show Raindl are contractible and example 3 shows that any

convex set ofR" is contractible.
Theorem 2.3.1: Xis contractible if and only if for any spa€eany two continuous mapsg: T - X
are homotopic.

Proof: Sufficiency is obtained by setting = X and letting fandg be respectively, the identity and
constant maps.

For necessity, suppo3as contractible; say, [0c, wherecis a constant map froixito itself. Let
f, g0 T - X be any two continuous maps.
Now f =1,0 f andg= L 0 g.
Sincel, Oc and f O f andgO g trivially, by compositionf =1, 0 f Oco f and
g=1,0g0cogButcof=cog Sof Ug.
Theorem 2.3.2: X is contractible iff it is homotopically equivalent to a one-point space.

Proof: Supposeis contractible, say the identity map: X - X is homotopic to the constant function
c(¥) = x.
LetY ={x}, andi:Y - X be the inclusion map. Thefioi=1, andioc=cOl,. Thusiisa

homotopy equivalence froito X. Conversely, supposd, X — Y is a homotopy equivalence between
X andY whereY = {p}.

Let g Y - X be a homotopy inverse af f

Now g, f 01y butg, fis a constant function frood to X.

HenceX is contractible.
Corollary 1: If Yis contractible, any two continuous mapsrahto Y are homotopic.
Proof: Let X andY be contractible and: X — Y be a constant map. Sin¥és contractible 1, Oc
where c is a constant map Xinto itself; considerg: Y - X as followsg(y) =cfor all yO'Y. Hence
go f=csothatg o f = cOly.

Again note thatf 0 g(y) = f o c= d a constant map ofto Y. Because Y is contractib@( and
d are homotopic by corollary 1, i.ef, o g O1,.

Hencef is a homotopy equivalence.
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Corollary 2.3.3: All maps f: X - Y are homotopic to a constant map wfieis contractible.

Proof: If @ is an automorphism dg, x & E, then
X[ =xe o =(F=0( 3T o= ¢ X
Proof: Let f: X — Y be a map an¥ contractible ther, ¢, wherec: Y - Y a constant map. Since

f Of andl,Uc, we havel f Ocf ie., f Ocf. Butcfis a constant map oft& Y. Sof is homotopic
to a constant map of.

Corollary 2.3.4: If X is contractible to a poinp 0 X, then all mapsf: X - Y are homotopic to a
constant map.

Proof: AsXis contractiblel, O c wherec: X — p the constarmhap. Sincef Of, f O fl, O fc=c.
Now ¢’ = fc is constant map oftoY. So f Oc'.
The next result establishes an important relation between homotopy and the extendibility of maps.

Theorem 2.3.5: Let p, be any point ofS", the unit ball inR"**, and let f: S" - Y, The following
are equivalent:

(&) fis null homotopic.

(b) fcan be continuously extended o€ +1:{XD R I ¥l 1

(c) fis null homotopic relative tq,.

Proof: (a) O (b) Sincefis null homotopic, leF: f Oc, wherecis the constant map &" to y,0 Y.
Define an extensiorf' of f over E"** by
f'(x) =y, if 0 <||x]| 1/2,
=FOAIXIL 3= Ikl if 12 <|ix|Is 1,
Since F(x,1) =y, forall xO S, the mapf' is well defined.f’ is continuous because its

restriction to each of the closed sdtél] E"*% 0 <||x||< 1/2} and {x O E"*%1/2 <||x||< 1} is
continuous.

Since F(x, 0) = f(X) for xO S, /9= fand f' is a continuous extension ofcf E"**.
(b) O (o). If f has the continuous extensiof’: E"** - Y, define F:Sx | -~ Y by
F(x, t)= f'(QL-t) x+ tp).
Then F(x, 0)= f'(x)= f(X) and F(x, 1) = f'(p,) for xO S". SinceF(p,.t) = f'(p,) fortin
I, F is a homotopy relative tgp, fromf to the constant map té'(p, ).
(d) O (a): Obvious.

Corollary 2.3.6: Any continuous map frors" ** to a contractible space has a continuous extension over
En +1
Proof: Combining Theorems 2.3.1 and 2.3.5. we get the result.
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2.4 RETRACTION AND DEFORMATION

Definitions: A subsetA of X is a retract of Xf there exists a continuous mapX - A, called a
retraction, such that(a) =afor suchad A We call Aadeformation retracof X if there is a retraction
r: X - A which is homotopic [as a map inthto the identity functiorly onxi.e.,1x Oir where iis
the inclusion mapi: A - X. If F:1, Oir, Fis called aleformation retraction

Note: A retract need not be a deformation retract. In fact, the one-point subsets of any space are retracts,
but no one-point subspace 8f is a deformation retract [To be proved later]

Theorem 2.4.1: If Ais a deformation retract &, thenA is homotopically equivalent .

Proof: Leti: A -~ X betheinclusionand X — A be the retraction. Therno r 01, andro1=1,,
hencei is a homotopy equivalence.

2.5 THE FUNDAMENTAL GROUP

The concept of path-connectedness, in which it is required that it be possible to reach any point in the
space from any other point along a continuous path is necessary for the notion of fundamental group.
This approach is especially useful in studying connectivity properties from an algebraic point of view,
e.g., via homotopy theory.

Definition: A spaceX is path-connectefbr arcwise connectddf for every pair of pointx andy in X,

there is a continuous functioft | - X such thatf (o) = x, f(1) = y. Such a functiom[as well as its

range f (1), when confusion is not possible] is calledathfromx toy.

A spaceX is locally path-connectedf each point has a neighbourhood base consisting of path
connected sets [We should point out here that a sAbaeX is path-connected if any two pointsAn
can be joined by a pathing in A]

Theorem 2.5.1: Every path connected space is connected.
Proof: Easy.
Addition of Paths: Paths can be ‘added’ in the following sensey, b, cO0 X, and f;: 1 - X isa
path fromato b, while f,: 1 - X is a path fronb toc, then the functionf: 1 - X defined by
of, (2t) if0<t<1/2
TH@ -1 ifu2st <
is a path frona toc, obtained by ‘putting the pathls and f, end-to-end’. [For exampléis continuous
because it is continuous on each of the closed@et#2] and[1/2, 1].

£ (t)

This path addition provides a way to associate with each path-connecteX spgirmeipr, (X) in
such a way that homeomorphic spaces have isomorphic groups. The branch of algebraic topology which
is concerned with relationships betweeand r, (X) is known asiomotopy theoryWe shall use the
addition of paths defined above to provide a partial converse to the Theorem 2.5.1.

Theorem 2.5.2: A connected, locally path-connected spAds path-connected.

Proof: Let alJ X and letH be the set of all points &fwhich can be joined by a pathaoAs all H,
H is non-empty. IH is closed and opeh = X.
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ButH is open. Fob O H, let U be a path-connectawighbourhoodf b. Then any poinz 0 U
can be joined by a path boand hence can be joinedadyy adding the path frofmto a.

AlsoH is closed. Forib [0 H, letU be any path-connectegighbourhooafb. ThenU n H # ¢;
say zOU n H. Nowb can be joined ta by a path anzican be joined to a by path, so by addition of
paths againp O H.

Corollary: An open connected subset ofi®path-connected. We are now in a position to use the
‘addition’ of paths to associate with any topological space a group [actually, several groups].

Definition: Let X be a topological space, a fixed point inX. A continuous functionf: | - X will
be called doop based atx, if f(0)= f(1)=x,.
Two loopsf andg based atx, will be calledloop homotopidor simply homotopic] if f O g rel
{0, 1}. Thus a loop homotopy between two lIoBpased atx, must be a relative homotopy which at any
stage carries the end points of 1 inf

The relation[J between loops based a&i is an equivalence relation and hence partitions the set
L(X, x,) of loops based ax, into equivalence classes. The equivalence class contdimiiigbe
denoted f], and the set of all such equivalence classes of loops baggditltbe denoted byz,[ X, x,].

We can ‘add’ loops just as we ‘added’ paths earlief, Ind f, are loops based &, we define
a new loopsf, O f, as follows:

(£,01,) (1) = Efl(Zt) if O<t=<1/2
Of,(2t -1) if V2<t<1
Then we can lift the operation to the setr; (X, x,) of equivalence classes of loops by defining.
[f]Of) =[ f,0f]. We shall now show that is well defined inm, (X, %,). Thatis, if f;0 g, and
f,09,, then f,0f,0g9,09,wherefy, f,, 9;, 9,0 L(X, X).Let F: f,0g, rel{0, 1}andG: f, 0 g,
rel {0, 1}.
A homotopyH = F OG: I x| - X is defined by the formula.

L OF@&,t) when 0t < 1/2
HEt, t)=0 ,
0G(2t-1,t') whenl/xt< 1

2t,0 henxt< 1/2
He 0= o0 -

= f,* f(t
0G(2t-1,0) when/xt< 1 * A9

1 henxt< 1/2
H(t,l):EF(Zt) when 0 t 3

Us2t-1.1) whenvzxt< 1 & 949

ThenH =F 0OG: f,0f,09,09, rel {0, 1}.
This is illustrated in the diagram:
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9 9>

FOG
Thus 7 is a binary operation o, (X, x,).
Theorem 2.5.3: (X, x,) with the operatior is a group.

Proof: We check associativity first. For this, it suffices to show thiat0g) Oh O f O(gOh for
loopsf, g andh based atx,. Such a homotopys: | x| - X is defined by the formula.

Upoa O t'+1
Of G when Ot <
E g’+1% t'+1 4t’+2
G:(t,t)=[g(4t-t-1) when 2 <t< i
0
D4t - 2_ t' I:l I ]
t'+2 t'+1
U—_¢ U <t<
5 2-t A when 2 t 2
and pictured in the diagram:
fgth)

~

.

o (f Og)Oh

where the bottom line represerfts (1g) [h and the top linef (g Oh). Now leta denote the constant
map e(t) = x, for all t1. We claim E] serves as an indentity irm[X, x,]. It suffices to show
f OeO f andeO f O f forall f OL(X, X%). To exhibita homotopy for the first, define for eadh | .

U 02x O
f when 0< x< ¢+ 1)/2
H(x,t):E %HE (+9)
Hx when ¢+ 1)/2< x< 1.
This is pictured in the diagram:
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H is continuous o x | since it is continuous on each of the closed &etst): x<(2 - 1)/2} and
{(x 1): x<(2 - 1)/2} and it is checked that (x, 0)= f(x) and H(x,1) = (f Oe)[® for all xO I.
The relatione* f O f is done in a similar fashion.

Finally, we show the existence of the inverses. For each loog, adefine f 1 to be the loop
f1(x) = f(L- x), 0< x< L.and let[ f] =[ f . Thisis well defined because< g O f*0g™ For
if F:f Og rel{0, 1} defineH: I x1 - X as follows:

H(x, t)= F@- x,t). Then H: f *0 g rel {0, 1.
To show[ ] is the inverse of f], it suffices to check thaf « f *Oe and f ™« f Oe. Firstlet

Ef(X) wheno < x< (1- t)/2
H(x, ) =0f Y(x+1t when (1-t)/2< x< 1-t
Exo when1-t< x< 1.

The functiorH is continuous on each of three closed sets which cover the square and thus continuous,
and clearlyH (x, 0) = (f O f™) (x) and H(x, 1) = () for all xO1. The diagram is given below

e

f—l

H

The homotopy showing ™« f e is similarly constructed.

Definition: The groupr[ X, x,] is called thdundamental group of X at,. The dependence on the
base pointx, is not illusory in the general case. But for an important special class of spaces it can be
ignored.

Theorem 2.5.4:1f X is a path-connected space, then for any pair of pegnend x, in X, (X, x,)

and (X, x) are isomorphic.

Proof: Let h: 1 — X be a path fromx, to x, h™ the pathh traversed in the opposite direction. For
each loof based atx,, definea(f) to be the following loop based at: a( ) = h's f« h
This induces a mapping{ f] =[g f) =[ i« f+ R of m(X, x,) to m(X, x). We shall show
that this is the desired isomorphism. Fiesis a single-valued, i.e., if g, thena(f) Oa(g). For if
H: f Og, then the functiots defined by
Oh™(x) when Ost< 1/3
G(x t) = Eh(x, 3t—-1) whenl/Xt< 2/3
Hh(%) when 2/3<t< 1.
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is a homotopy betweeh™« f« h andh™« g« h.
SecondlyA is a homeomorphism; that ([ f] «[d) = A )« A Q.
But A(f)« Ag) =[d Dl«[dd=[@fd@bf M £ g B «g IF
[ fxge H=[d & 91= Af b= @ %[ ]y
Ais onto: Let[o] be an element ofr[ X, x]. Consider a loopf = h« o « h based ax.
Now a(f) = h'« f« h=0. HenceA f] =[d].
Ais 1-1: Let[f] #[d, then fis not homotopic tg. We shall show thaa( f) is not homotopic to

a(g). Supposea(f) Da(g) i.e., there existsG: a(f) 0 a(g). Note that f =h« a(f)x h* and
g=h« & g+ h™. Define the functioM as follows:

Uh(x) when O<t < 1/3
H(x )= Bh(x 3t-1) whenl/xt< 2/3
Eﬂ_l(x) when 2/3<t < 1.

ThenH is a homotopy betwedmandg —a contradiction. Hence A is 1-1, so that A is an isomorphism
of m (X, x,) andm (X, x).

Thus for a path-connected spatewe can speak of the fundamental groggX) of x. In fact
m(X) is a set of groups indexed by the pointXop&ny two of which are isomorphic.

Historical Note: The fundamental group was introducedHbyPoincare [Analysis Situs; Cinqueme
complement a Analysis Situs] around 1900. This is the reason of calling fundamental group also Poincare
Group. Hurewicz studied the fundamental group and introduced the higher homotopy groups in a series
of four papers in the 1930’s.

We have associated with each pointed sgacex,) an algebraic object; (X, x,). The power of
the homotopy method in topology is largely traceable to the fact that mappings of pointed spaces induce
homeomorphisms of the associated algebraic structures.

Theorem 2.5.5: Every continuous mappind: (X, %) - (Y, %) induces a homeomorphism
from(X, %) - (Y %)
Proof: For each loog at x, in X, let f'(g) be the loop at, inY defined by f'(g) (t) = f[g()]. This
defines a mappingf’ from L[X, x,] to L[Y, y] which in turn induces a mapping
frm(X, x) - m(Y, y) as follows:
f(d) = f{ 9]
To see thaf is well-defined, not that iH is a homotopy betweepg, and g, in L[X, x,], then

foH is a homotopy betweefi’[g,] and f'g,] in L[Y, y].
It remains to show thdtis a homeomorphism, for which it suffices to establish.



104 Topology

The necessary algebraic propertyffoBut

_Offg(2x] = f(9 (23 when 0< x< 1/2
- Ooffh(2x-1]= f'(h) (2x-1) whenl/Xx< 1.
= f'(g9) « f'(h)

Hence the proof.

ICERY)

Theorem 2.5.6:(a) If fis the identify orX, i.e., f =1x, [1x] is identify onr (X, x,).
(b) If f andg are maps fron(X, x,) to (Y, y,) such thatf Ogrel x, then f =g .

(© If f:(X, %)~ (Y, y) andg: (Y, %) » (Z 2), then(g,f) =gof .
(d) If r: (X, %) - (A x) isaretraction and=(A, x,) (X, X,) is the inclusion map, thers a
homeomorphism andis an epimorphism.
Proof: (a) Obvious.
(b) It suffices to show that tiis a loop based at, in X, then f'(h) g'(h) based aty,. But fand
g are homotopic relative t&,, then f;h and g,h are homotopic; that isf'(h) and g'(h)
are homotopic.

(c) If his any loop based at, in X, then(g, f) (h) =[(g, f)' (B] =[ d( f( M.
(d) r,j isthe identity map offA, x,), SO+ i = » is the identify onrm, (A, x,)

Theorem 2.5.7:1f (X, x,) and (Y, y,) are homotopically equivalent as pointed topological spaces,

then i, (X, x,) and (Y, y,) are isomorphic.

Proof: There are maps: (X, %) - (Y, y) andg: (Y, y) - (X %) such thatogis homotopic to
the identity on Yand g, f is homotopic to the identity od. Then from the previous theorem 2.5.7
gx , fx = (g, f)« is the identity onr[Y, y,] and f« , g = (fog)« is the identity onrm (X, x,).
Since f « and 9+ are homeomorphism, they are thus isomorphisms.

The importance of the theorem above is obvious; e.g., the question as to whether,0Xnog )
has any given group theoretic property [e.g., it is abelian, finite, nilpotent, free, etc.] is independent of
the point x,, and thus depends only on the spAc@rovidedX is connected. On the other hand, we
must keep in mind that there iscanonicalor naturalisomorphism betweerr, (X, x,) andrm, (X, x);
corresponding to each choice of a path frgo x, there will be an isomorphism from, (X, x,) to
m(X, x).

In view of the Theorem 2.5.6, a continuous mé&pX - Y induces a homeomorphism

fo:m (X, X) - m(Y, f(R); and iff is a homeomorphism, theh« is an isomorphism. This induced
homeomorphism will be extremely important in studying the fundamental group.

Note that the theorem 2.5bffand the theorem 2.5.8 require relative homotopy. Unfortunately, the
condition that the homotopy should be relative to the base y@ribo restrictive for many purposes.
The condition can be omitted and the following stronger result is true:
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If XandY are path-connected and homotopically equivalent, the¢x) andr,(Y) are isomorphic.
[The proof is difficult and is deferred to a later section].

We have seen that, attaches a group, (X, x) to each pointed topological spaég X). Thus we
can speak of theindamental group functdrom the category of pointed topological spaces top to the
category of group&.

Definition: A subsetA of X is astrong deformation retraaif X if there exists a retraction X - A
such thatir 01, rel. A wherei: A - X is the inclusion map.

Theorem 2.5.8: If Ais a strong deformation retractXfthen the inclusion map A - X induces an

isomorphism ofrr, (A, a) onto (X, a) for everyal A

Proof: Since ri =1,,r «i» = identity map onm (A, a), for any all A. Take anyal A, then
ir 01, rel.,A O ir 01, rel.&}. Then by theorem.1Zb), (ir)« = (1L )«:m (X ,a) - m(X,a). But
(L)« is the identity map ont(X,a). Hencei« i« =(r ) is the identity map ong(X,a).
Consequentlyi: i, (A, a) — (X, &) is an isomorphism.

We shall use this theorem in two different ways. We shall use it to prove that two spaces have
isomorphic fundamental groups. On the other hand, we can use it to prove that a subspace is not a strong
deformation retract by proving the fundamental groups are non-isomorphic. A simple characterisation
of a contractible space in terms of strong deformation retract is as follows:

Proposition 2.5.9: A topological space is contractible if and only if there exists a pqgintX such
that{xg is a strong deformation retractXf

Proof: Let X be contractible. There existg 1 X such thatl, is homotopic to the constant map
c X - X. Sincel, (x,) = %= ¢c(x) 1y O crel.{x}. Thatis{x4 is a strong deformation retract of
X. Converse also follows similarly.

Definition: A topological spac is simply connectei it is path connected and, (X, x) is the trivial
group for some [and hence any]1 X.

Theorem 2.5.10: If X is contractible, theX is simply connected.

Proof: First we show thaX is path connected. Let,, x O X, x# %. There existsy [J X such that
1, Oc rel. {y} where cis the constant map froXto {y}. Let F:1, Oc. Put f(x) = F(X, X).

Then f(0) = f(x,0)=x, and f(2) = f(x,, )=y.

Thusf is a path fromx, to y. Similarly there is a path frory, to y. Hence, by addition of paths, we
get a path joiningk, and x,.

Since {} is a strong deformation retract ¥f i . is an isomorphism fromr, (y, y) onto i, (X, y)

wherej « is as in the theorem 2.5.9. Bai(y, y) is trivial. Hencerr, (X, y) is trivial. ThusX is simply
connected by definition.
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2.6 FUNDAMENTAL GROUP OF THE CIRCLE

We shall computet,(S', 1) following a method used by A.W. Tucker, where= (1, 0).

The exponential map :R —~ S' is defined bye,[f = €™ Then e, IS continuous.
e (b+t)=¢e(t) s (t) [Where the right hand side is multiplication of complex numbers]. and
e (t) = e (%) ifand only ift, - t, is an integer.

It follows that e, |(-1/2,1/2) is a homeomorphism of the open interviall/2, 1/2) onto
S'-{d" = SH{ 4H. Weletls g:S'- (-1) — (-1/2, 1/2)be the inverse o, |(-1/2, 1/2).

We need two key lemmas.

2.7 LIFTING LEMMA

Lifting Lemma: If fis a pathS* with initial pointl, there is ainiquepath f' in R with initial point
0 such thaty, o f= f.

Proof: LetY=1=[0,1]. Letf:Y _ S' be a path ir8" starting atl. SinceY is compactf is uniformly

continuous. Therefore, there exigts> 0 such thafy — y|< ¢ implies [f (y)- f(y)]< 1.

2.8 COVERING HOMOTOPY LEMMA

Covering Homotopy Lemma: If f andg are paths it with f[0] =1 = g[0] such thatF: f Og rel.
{0, 1}, then there is a uniqué’: | xI -~ R suchthatF" f'0g'rel.{0,1} ande, o F = F.
In particular, for sucly and y', f(y) # - f(y). SinceY is compacty is bounded, there exists a

positive integeN such thajy|< NO forall ydY. ThenforeaclD< j<n andallydY.

<Uand SO( G +y1 _ f(iy)
N N

<1.

G+Dy _Jy
N N

; Oj+1 0.0 O. . 1
It follows that the quotientf vyl f ygis a point ofS" - {-1}.
? I~ YH'BnH

Let hj:1 - S'={-1} for 0< j <N be the map defined by

Oj+1 0.0)] O
hi(y) = f f
O THNVE BN R
Then, for allydY, we see thatf(y) = f(0) h,(y) R(Y) ... 1 (). We definefY - R by

fiy)=lg{h( Y} Hg{ { Y +.. Hg ( h_,") f isthe sum oN continuous functions frordtoR,
S0 it is continuous.

Clearly, f'(0)=0,e,0 f' = f.
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To show the uniqueness letY - R such thatg'[0] =0, e oo'= f. Then f'-¢' is a

continuous map of into the kernel ok,. Since kernelok, = Z, f'~c¢": Y -~ Z ButYis connected,
hence f' — ¢’ must be a contract [which mustdjeSo f'=o".
Proof: LetY=IxI.ThenF:Y - St andF: f Ogrel.{0, 1. Sincel x| is compactF is uniformally
continuous. Hence there exists>0 such that|ly-VY|l<eO |F(y)- F(/)K 1so that
F(y) # - F(y) for suchy, y'00Y. As in the proof above choodkE> 0 such that]y||< ¢ for yOY.

Define F": 1 xI - R by

0 ON-1 1 U_ON-1 [0 _ON-2 [T g_oung 0
F'(y) = logF (y)/ logF F +...+ lognF /[ F(or
) =eofF VBTV B W H T B B N TR
Then {) F'(0)=0
i) g0 f=F
(i) F' is continuous.
TocheckF": f'Og'rel.{0, Iy ¢, 0 F(s0)= Hs0)= {§%
By uniqueness part of the lemma abo¥é(s, 0) = f'(s). Similarly, F'(s,1) = g (9. Since
FO,t)=F(t)=1foralltOdf,exo F(0, t)= ¢ o F(1, f).HenceF(0,t) andF'(1,t) take on only
integral values for alt 1. It follows that they must be constant. Beca#s€0, 0)= 0,F' (0,t )= 0

forallt 01. HenceF'": f' Og' rel. {0, 1}. Arguments similar to that of the lifting lemma lead to the fact
that F' is unique.

Corollary: The end pointf'(1) of f' depends only on the homotopy clas$. of
Definition: Let f:1 - S! be a loop al. Sincel is the initial point of, by Sec. 2.7, there is a unique
path f' in Rwith initial point f'(0)=0 ande, o f' = f.

Becauseex( f'(1)) = f(1)=1, f' (1) is an integer. We define the degred bf deg f = f'[1]. It
follows that there is a well-defined function deg from(S, 1) to Z defined bydeg [f ]= degf ,
wheref is a loop inS' at1.

Theorem 2.8.1: The functiondeg:r, 8 ,1) ~ Z is an isomorphism.

Proof: (i) deg is a homeomorphism: LEf], [ Om(S, ). Let m=deg[f]. n=deg[g]. Then,
m= f'(1) andn= ¢g'(1). Let h' be the path frormto m+ nin R defined byh'(s) = d(9 + m Then,
&ofl=6,d=9g
Nowe ,(f'«h)(9= fx d$ie,e ,(fH)=fx g Thenf'sh isthe lifting of f x g
with initial point O, its end point is1 + n. Hence
deg ([f 1« [g] =deg ([f » g])= f'x H(@)= m+ n= deg[f]+ deg[g].
(i) deg is one-one: Supposkeg [f ]= 0, i.e., f'(1) =0. So, f' is a loop at 0 irR; R being
contractible f' JO rel. [0, 1]. Applyingexwe getf =¢, 0 f' g 00 rel. [0, 1], i.e., f 01
rel. [0, 1]. Hencq f] =1, the identity element ofz (S', 1)
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(i) degisonto: Forifiis an integer, there is a paff) inR defined by f, (t)=tn.Let f = e, 0 f.
Then clearly, degf] = f;(1) =n.
Consequently deg is an isomorphism onto th& sgftintegers.

Remark: The basic idea involved in the above discussion of the degree of an elerg® ofwill be
refined and generalized in the discussion of the fundamental group of a covering space in this chapter.
As a corollary to theorem 2.3.1, we see that the fundamental group of any space with a circle as

strong deformation retract is infinite cyclic. Examples of such spaces are the Mobius strip, a punctured
disc, the punctured plane, a region in the plane bounded by two concentric circle, etc.

The only property ofS' used in the proof of Theorem 2.3.1 is that it is a topological group. The
guotient ofR by Z. The only property oR used in this proof is that it is a simply connected topological
group. The only property & used is that it is a discrete subgrouRoThus exactly the same argument
gives a more general result.

2.9 THE FUNDAMENTAL GROUP OF A PRODUCT SPACE

Theorem 2.9.1: The fundamental group of a product spaggX x Y, (x V) is naturally isomorphic
to the direct product of fundamental groups, X x[Y, ¥. The isomorphism is defined by assigning
to any elemen{d] O(X xY, (% y) the ordered paip«[Jd], dJ]), where p: XxY - X and
g: X xY - Y denote the projection of the product space onto its factorspandx their induced
homeomorphisms o (X x Y, (x y) - m( X R andm(X xY, (x y) - m(Y, 3 respectively.
Proof: Consider the projectiong: X x Y - X, @ Xx Y- Y pandqinduce homeomorphismgx
and g« . defined as follows
P (X XY, (% Y) - m(X ¥
A= (XxY, (x Y) - m(Y, yby p[d]=[ p dland qld]=[ g I]
where [8] Om(X XY, (% Yy).
Define rx:m(X xY, (X y) - m(X, yxm(Y, yas r*B]=[ p[d], 4¢[d].
Clearly r » is a homeomorphism a@+ and dx are so,
(i) r« is anepimorphism: Taki],[B] Om( X ¥ Yxm( Y V.
Leta:l — X represenfa] and B:1 - Y represen{f].
Define: d:1 - X xYbyd[]=(a(), B()0O Xx Y.
r«([3]) =(p«[d, a[d =([ pod).[ qod) [ &[ B.
(ii) ris a monomorphism:

Let r« ([d]) = identity of the groupm, (X, x) x 11, (Y, ).

To show[d] = identity of the groupm, (X x Y, (x Y)).

Let 6:1 - X xY represen{d]: sincer « ([0]) = identity, px[d] =identity of 1, (X, x)

and g« [J] =identity of i, (Y, y).
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This implies, p 0 d O x [the constant map & and q 0d O y [the constant map &j.
Let F:pod OxandG:qod Ovy.
Define H: | xI - X xY as follows:

H(s, )= (F(s 9, (s })
Clearly H is a homotopy of5 with the constant map at,(y), i.e., [0] = identity of the
group (X x Y, (X ).
Thereforer » is an isomorphism.

Corollary: m(S'x §)=m(SH) xm(S) = Zx Z

Theorem 2.9.2: If G is a simply connected topological groltpis a discrete normal sub group, then
m(G/H,1)OH
Proof of this needs the following lemma.

Lemma: If Gis a topological group with a discrete normal subgroptheh there exists an open set V
in G containing | such that the quotient mep.G — G/H restricted to \fis a homeomorphism onto the

range f (V).
Proof: SinceH is discrete, there is an opelishdof| in Gsuch that) n H ={1}. Lethbe the continuous
map given by
hGxG- G h(g, g)= gg°

Considerh™(U) in G x G. It is clearly an opemobhdof (1, 1)0G x G. Hence there exists an
opennbhdV of 1 in G such thaV x V O h* (U). ClearlyV O U. Sincef is always an open mag,(V)
is open in @H and contains the identity of G/H. We shall show is 1-1 onV onto f (V).

Sincef is continuousf is then a homeomorphism.

Let f(g;) = f(9,): (9, (%) O V. thenh (g, g,) T U.
But h(g, &)= g g "0 H. Consequently,

o, gz_lﬂ HnU={,ie, g= g
Corollary: The fundamental group &' x S [torug is Z x Z.
Proof: SinceS'= R/Z, S'x §= RZx R/Z
which is a topological group isomorphic (& x R)/(Z xZ) and (R xR)/((Z xZ) 0Z xZ .
Therefore,,(S'x S) = Zx Z.
Lemma: A discrete normal subgroup of a connected topological group is central.

Proof: LetH be a discrete normal subgroup of a connected géolde have to show thag = gh for
all g0G and allhOG. Fix hOJH. Look atthe seA={g h, g g0 & SinceH is a normal sub-
group, A0 H, sinceG is a topological group the map - g h, g’ is continuous. The range of this
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map isA andG is connected. Henckis a connected subsetidfand sinceh,J A andH is discrete,
A={h}, ie,gh, g'=hforal gOGie.,gh=h gforal gOG.

We have proved that if @ a simply connected topological group atds a discrete, normal
subgroup, ther{G/H, ) OH . Because of the lemma abowg(G/H, |I) abelian.



CHAPTER 3

Compact Open Topology

3.1 COMPACT OPEN TOPOLOGY ON FUNCTION SPACES

Let X, Y be two topological spaces, and ¥ywe mean the set of all continuous maps fdinto Y.
Definition: Thecompact open topology Y is that having as sub-base all séts\(), where A X
is compact and/ O Y is open and
(ALV)={fOY": f(AOV

Let X, Y, Z be three spaces. FdrOY* and g0 Z", we define a mafT: Y* x Z¥ —. zX by the
compositiong, f 0Z* sothatT(f, g)= g, f.

We investigate the continuity at
Proposition 3.1.1: (i) g - g, f, is a continuous mag’ — Z”* for each fixed,.

(i) f - g0 f isacontinuous mag* . z* for each fixedy,, i.e., T is always continuous in
each argument separately.

Proof: (i) Let (A, V) be any sub-basiaeighbourhoodof g,f,. Note that g, f,d(A, V)
< gOoO(f(A),V) and (f,(A),V) is aneighbourhoodof g sincef; (A) is compact. Thus,
T[R(f(A, V)] =( A V) establishes the continuity.

(i) Thisis proved similarly, notingthay o fO(A V) = f(ADO gH(V) = fO(A g (V).

Theorem 3.1.2: Let X, Z be Hausdorff and locally compact,. Then the mapg: Y* x 2 - ZX is
continuous.

Proof: Let f,0Y*, g0 Z" andneighbourhoodA, W) of gy, f; be given. Sincey*(W) O Y is open,
f.(A) O g™ (W) is compact an¥ is locally compact Housdorff, there is an open\sstich that[J is
compact and ;,(AOVIOO g'(W. Now f,0(A V) and & O(0,W), and clearly

TI(A V), @, WO (A W.

Definition: For any two space¥ Z, the mapw: Zzx Y . zdefined by(f, y) - f(y) is called the
evaluation mapf Z".

Theorem 3.1.3: (i) For each fixed,, the mapwy,: Z -~ Z, given bywy, ( f) = f(y,) IS continuous.

(i) If Yis locally compacT,, thenw: Z'x Y - Zis continuous.
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Proof: WheneveiX is a single-point spac¥, andZ can be looked upon asandZ respectively and,
henceW is precisely the composition map Y* x 2¥ - Z*.

Now the result follows from Theorems 3.1.1 and 3.1.2.

For notation, letf: X xY - Z be continuous i for each fixedk. The formulaf (X)] (y) =f (X, y)
defines, for each fixed, and f(X):Y — Z, and sox - f(X) isamapf: X — Z'. Conversely,
givenanf: X - Z' the formula defines ari: X x Y - Z continuous iry for each fixedk.

The most important feature of the compact-open topology is

Theorem 3.1.4: (i) If f: X xY - Zis continuous therf: X — Z" is also continuous.
(i) If f:X - Z' is continuous, and i¥ is locally compactl,, then f: X xY - Z is also
continuous.
Proof: (i) Let x, 0 X and @, V) be a sub-basic open set containifx,). Now f(xo)(A) dvie,
f(x,, A) O V. Hence{x} x A0l f{V and (V) is open; sinceA is compact, there is a
neighbourhoodU of x, such thatJ x A[J fl(V) i.e., f(U x A) O V. Hencef is continuous at,.
(i) Define the mapf x1: X xY - Z'x Yasfollowsfx 1 (xy) = f (x),y). Sincef: X » Z"
is continuous and:Y - Y is the identity mapf x 1 is a continuous map. Consider the
evaluation mapV: 2" x Y - Z SinceY is locally compact Hausdorff by Theorem 3.M3,

is continuous. Hence the compositignx Y [ B, zx YOW- zis continuous. But the
composition is simply the function.
fiXxY o Z

A further advantage of the compact open topology is that homotopic maps induce homotopic
maps of functions under mild restrictions.

Theorem 3.1.5: In all function spaces, use the compact open topology a@dkeian arbitrary space.
@ If f,, f,;: X - Y are homotopic and i¥ is locally compact, then the induced map
0, §: Z -~ Z are homotopic wherg (9) =go f, g0Z, 1=[0,1]..
(i) If g,, 0,: Y~ Z are homotopic, and i¥ is locally compact, then the induced maps
Pos B2 Y = Z° are homotopic where
p(f)=go f, fOY*, 1=]0,1].
Proof: (i)Let F: f Of iie,, F: X x| - Y suchthafF (., 0) =f, F (., 1) =f,. HenceF:1 - Y* is
continuous by 3.1.4. Als& x |:1 xZY - Z*x Z, is continuous. Sincéis locally compact, by 3.1.2.,
the compositionT: Y* x 2 - Z* is continuous from xZ" - Z*.
ButT o[ f x1]J[0, g = T(HO), 9 = goRO)= go = qd( ¥
Similarly T o(Fx 1)1, 9) = q (9)
To(Fx1I):q Uqg
(it) Proof is similar to (1).
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3.2 LOOP SPACES

Let Y' denote the set of all continuous mafpsl — Y whereY is any topological space ahé [0, 1].
Y is always equipped with the compact open topology. In this topology a typical sub-basic open set is of
the form (K, U) ={f OY': f(K) O U} whereK is compact] | andU is open(JY.

Each element iiY is called gathin Y. By L (Y; a, b) we mean the sub-spaceYotonsisting of all
paths starting at and ending &b. a, b Y. In case & b. L (Y; a, a) is written simphL (Y, a) and is called
theloop spaceof Y based aa.

Result 3.2.1: The mapf - f1of L(Y;a b - LY: b & is a homeomorphism.

Proof: The map is clearly bijective. Lep: 1 — | be the homeomorphisp(t) = 1 -t. Defineq: Y - Y
as follows:q(f) = foq, fOY.

Now (K, U)={fOY': d HO(K U} ={ fOY: fo@ XD P (9K B

Henceq is continuous. Bug is precisely the mag! - 7% Similarly, the mapf™ - f is
continuous. The following propositions are very useful.

Proposition 3.2.2: Let p:1 — | be continuous and such tpéd) =0,p(1) =1. Thenthe map - f o p
of L [Y; a, b] to itself is homotopic to the identity map.

Proof: Note p U1, rel. (0, 1) as=(t,s) =1 (1 -s) p (t) +st (0<s<1,0< t< 1) shows the induced
mapq:Y - Y givenbyq(f)=fop fOY ishomotopic to the identity map ofh. Sinceq | L
(Y; a, b) mapsL (L; a, b) into itself, the assertion follows for the product operation.

Proposition 3.2.3: (i) The mapping(f (g) - fO0g of L(Y;a Bhx Y; h ¢~ (Y a kis
continuous.

(i) If e0 L(Y; B isthe constant pathlatthe mapf — f e ofL (Y; a, b) to itself is homotopic
to the identity map, and so also is the neap- el g of L (Y; b, ¢) to itself.
Proof: (i) Forf,g) OL(Y:ab)xL(Y;bcof,gOL(Y;ac)f,gl - Yie., fOgOY.
Hence consider the map or(Y; a, b) xL (Y; b, ¢) x | as follows(f, g,t) - f Og(t)OY. If we
show the latter is continuous, by Theorem 3.1.4, the continuity of thg(fnagp) — f Og follows.

of [2t] if 0 <t<1/2
Now f Og(t) =
ow FOOM =0 o gy f12st<t

Hence (fg, t) —» f x g (t) decomposes intd,(g, t) - (f, t) - (f, 2) - f (2t) if 0<t<1/2 and
f,gt) - @Qt)-(g2t-1)->g&2-1)if1/2<t<1.

In each case, the first map is a projection and hence continuous; the second maps are clearly
continuous, and the last maps, being evaluation maps, are also continuous. Since the two maps coincide
on L (Y; a, b) x L (Y; b, c)] x 1/2 the result follows.

1. Letp be the mapping df- I: p[t] = min {1, 2t}. Now f Oe: | - Y is given by
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fDe(t)_Df(Zt) if0<t<1/2
"B if /2<t<1

Consider

_Of(2t) if0o<st<s1/2
fOp(t)_Ho if /12<t<1

Since f()=b, f Oe= f o p Hencef - f e isthe mapf - f o p and the result follows
from Theorem 3.2.2.

The second part is also proved similarly.

Proposition 3.2.4: (i) The maps(f,g,h) - (fOg)Oh and (f,g,h) - fO(gOh of
L(Y; a, b) - L(Y;b, ¢c) x L(Y; c, d) - L(Y;a, d) are homotopic.
(i) Themapf — f Of™ of L(Y; & b — L(Y; & is null homotopic, and so also is the map
f - frOf.

Proof: (i) Let R(f, g, = fO(gOh. Letpl — I be as follows

if 0<t<1/4
PO=F+U4 if Udst<1/2
o ifuzstst

Of (2t) if0<t<1/2

Now f O(g Oh)(t) = Ho(4t- 2) if U2< t< 3/4

Fh(at - 3) if 3i4<t<1

O (4t) if 0<t<1/2
and  [(f Og) OR() =Fgat-1) if v2< t<1/2
Hhet-1) if12<t<1
Now easy to see th§tf 0g) Oh =[ f ( gOh] o pforallf,g, h... (1) Letqbe the induced map
onY!_ Y! defined bya(¢) =¢@ o p for Y.

By Theorem 3.2.2,d0 identity onY!. HenceqorOR. From (1) this simply implies
(f Og)OhO fO(gOR.

(i) Let p,I -1 bethe map

(t)_EIZt if0<t<1/2
PtV = a-t) if12st<1

Defineq,:Y - Y byg,(g)=gop, gl V.
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(2t if 0<t<1/2

Now g o p,(9 = Hea-t) ifU2sts1

If g be the mag™ (t) =g (L -t) for o<t <1
m2t) fostsl2
ED(Zt—l) if1/2<t<1

_o(21) ifo<t<1/2
B E9(1—2t+1) if 12<t<1

Theng o g'(9 =

=g o p(9.
Define F: 1 xI - | as follows

_[Rt(l-s) if 0<t<1/2

F(t, s) = Da-t)a-s) if 12<t<1

Then F: p, 00. By Theorem 3.1.5,p;:Y — Y defined by p;(g)= g o p is null
homotopic. Sinc& (0,s) = 0 = F(1,s) for eachs, it follows thatF.":Y' — Y, defined by

F (g =goF(,9; g0 ¥, $11, mapsL (Y; a, b) into L (Y; a) for eachs.

Hence the mapf — f Of:L(Y;a b - LY; § is null homotopic. The other part also
follows similarly.

The path spacé (Y; a, b) is, in general, not path-connected. We call two paths
f,g0L(Y; a B equivalent[written: f T g] if they belong to the same path component.
Stated directly in terms of the malpg: we can write

Proposition 3.2.5: f ~gif and only if f (g rel. (0, 1); that is, if and only ffcan be deformed inty
without ever moving the end points.
Proof: Clearly f ~g O there is a path joininfjandg inL (Y; a, b). Let ¢:1 - L(Y; a, b be such a
path. DefineF: | xI - Y as follows
F(s, ) =@(9(9.
Then F(s, 0)=¢@(0)(s)= f(9, <9 land F(s,1)=¢@@)(s)
Og(9), sOl. Let (s,, t,)O1 x1 . ThenF(s,, t,) =@(t,)(s,)-
Let U be an opemeighbourhoodf ¢(t,)(s,) in Y.

There exists compacteighbourhoodv of s in | such thate(t,) (V) O U. Consider the open
neighbourhoof ¢(t,) inL (Y; a, b) given by (V,U) n L(Y; a b. By continuity of ¢ there is an
openneighbourhoodwv of t * in | such thatp(t) O(,U) n L(Y; a, b for all t OW. Consider the
open neighbourhoodof (s,, t)) in | x | given by v®xW (V= interior of V in I). Then
(s, O V°xWO F(s }=¢@(})( 30 U HenceF is continuousF is clearly a homotopy dfandg
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rel. {0, 1}. Conversely, ifF: f O g rel. {0, 1} then defingp: | - L(Y; a, b asfollows:p(t) = F(.,t).
Then ¢ is a path joinind andg.

To showg(t) = F (.,t) is a path joining of andg in L (Y; a, b).

First, (0)= F (., 0)= f andp(@)=F(,1)=g and@(t) =F(,t):1 - Y, so@(t)OY. Again
pt)(0)=F(@O,t)=a ande(t)1)=F @,t)=Db.

Consequenthyp(t) OL(Y; a, b. SinceF: I xI - Y isa continuous map(t) = F(.,t) isamap
of I - Y* and by Theorem 3.1.4 is continuous. As a reguis a path irL (Y; a, b) joining f andg.

Let f OL(Y; a b by a fixed path. For any gives 0 Y, the path finduces a ‘transition map’
friL(Y; v, @ - L(Y; y B by defining fg(g) = gO f. Similarly, f induces a transition map
fLoL(Y; b, yY) - LY; a y by f (g) = f Og. According to Proposition 3.2.3 transition maps are
continuous.

Remarks: Before we proceed to prove the next theorem let us note the following: We have seen that
(f,g, h)OL (Y; a, b) x L (Y; b, c) xL (Y;c,d) - (f Og)Th and f O(g Oh) of L (Y; a, b) are
homotopic. This is achieved by constructing a parameter transfornation. | such thatp [, rel.
(0,1) and(f Og) Oh=[fO(g0Oh] o p

Hence(f Og) OhO f O(gOR oy rel. {0, 1]i.e.,(f Og) OhO f O(gOHh by Proposition 3.2.4,
this implies { * g) * h ~f * (g * h). Again while proving the fact that — f Of ™ of L (Y; a, b) to
L (Y; a) is homotopic to the mag — e of L (Y; a, b) toL (Y; a) where s the constant path atwe
observed thatf — f Of is the map bp,on L(Y; a, b) wherep,:1 - | is homotopic to the map O
(i.e.,0¢) =ofortdl) rel. {0, 1}. Hencef o p, O f 00 rel. {0, 1}, i.e., f Of ™" Oe By proposition
3Jwe then conclude* f ™ ~e. Similarlyf ™ * f ~e. Similarly we can show th&t eande * f and iff ~ f,
andg ~ g, thenf* g ~f, * g,.
Proposition 3.2.6: (i) Eachfy (resp.f,) is a homotopy equivalence with homotopy inversg)g
[resp. € 7).].

(i) fg Ohg[resp.f, Oh ]if and only iff ~h.
Proof: (i) We prove this for the mayg that for thef, is similar.
(i) Let ¢:1 - L(Y; a, b be a path joiningf to h; by proposition 8 (1) the map
(g,t) - ge(1)] is continuous and shows th§t (1 h.

Conversely, assumé; [ hg

LetF: L(Y;y, @ x1 - L(Y;y, b) be a homotopy betwedg andh. Thenf; (g) =F (g, 0) and
hz (@) =F (9, 1). TherF(g..):| - L(Y;y, b)is a path joiningg O f = f5(g) to hy(g) = gOh Hence
g Of ~ gOh By the remarks above,

g 0(g0f)~ g*O(g0n.
Again by the same remark
g'0(gOf)~ (g 0gDOf~ed f~ f
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Similar reasoning leads to the fagt' O(g Oh ~ h
f ~h.
(@) Note that(f *);0 fg and (f Of )R are fromL (Y;y, @) - L (Y;y, a) given by
(f Hgo fr(g) =(gO f) O f* and (f Of Yg(g) = gO(f Of™") respectively. Clearly
(f Y)r0 fg is the mapg — (g0 f) O f* and (f Of ™) is the mapg — gO(fOf™)
and they are known to be homotopic.
Hence(f ™Y)q0 foO(f Of Y. Again f Of ™'~ e where 6s the constant loop at
So by part (b)Y f Of ™), Oes. Now e;(g) g0 € i.e., gis the mapg — g Oewhich is known to
be homotopic to the identity map brfY; y, a), say, 1 consequentlyde, O(f O f™*), O(f )0 f,.
Similarly f; o (f™) is homotopic to the identity map on(¥; y, b). This completes the proof.
In what follows, we are concerned with loop spates) whereal Y. Each pathf OL(Y; a, b
induces a transition map*: L(Y; @ - L(Y; B given by f*(g) = f*0(g O f): this is continuous.
Again (f ™), o fz(g) = (f ) (gOf) = (9. Hence(f™), o f, = f*. By Theorem 3.2.4f" is
a homotopy equivalence with homotopy inve(ge*)*.
Similarly f*Oh" if and only iff ~h. Hence we have proved the following theorem.

Theorem 3.2.7: (i) Each f* is a homotopy equivalence with homotopy inveg$e')*.

iy f*Oh* if and only iff ~h.

3.3 H-STRUCTURES
We begin with a definition.

Definition: An H-structure [‘Hopf’, or Homotopy’ structure] is a couph ] consisting of a spaceé
anda continuous functiom: Y x Y — Y which has the following property: There exists a peintY
such thatmapy — m(y, € andy - m (e Yy) are both homotopic to the identity mapYofThe map

mis called the composition law of the H-structurenf), and Yis the carrier of the H-structune,(a, b)
is written asa.b. If there is no scope of confusion, we say simply tlfas ‘an H-structure’.

Examples:
1. Every topological group is an H-structure.

2. Given anyy, the loop space[Y;y,], with the compositiorm( f, g) = f O g is an H-structure.
M is calledthe natural composition law L (Y; ).

3. LetY be a contractible space, amd Y x Y - Y any continuous map. Theiy,(m) is an
H-structure, since any two maps ofnyitself are homotopic.

Observe (i) that the composition law is not required to be associative, and (ii) that a given
space may carry many H-structures.

4. LetY be any discrete space. Select a1y Y and definem in any way compatible with
m(y, €) = m(e, y) =y, we then have (ym) as an H-structure.
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Remarks: It is clear that H-structures form a class of structures that contains both the loop spaces and
the topological groups. The poiain the definition is not unique in general. This is the content of the
next proposition.

Proposition 3.3.1: Let P = {e: both the mapy — m(y, €) andy — m (e, y) are homotopic to}.
ThenP is a path component &f called the principal component of the H-structofeng).

Proof: Chooseg,[0 P and letC be the path-component ef To proveC 0O P:

Let e C: choose a pathjoining e to e,; consider the map: Y x| — Y defined byF (y, t) =
m (y, f (). F is clearly continuous anél (y, 0) is the may — m|y, €] andF (y, 1) is the map
y - m(y, e). Hencey - m(y, €) is homotopic ty - m(y, &) and therefore also homotopic tp 1

Similarlyy — m(y, €) is homotopic to } and thereforee P.

To prove P 00 C: let e P. By definition ofP, m(., € 01, . Again e,0J P. Hencem(g, .) 01, .
Let F: m(g,.) 0L, and G:m(, § U1,. ThenF (., 0) =m (g, .) andF (., 1) = 1, and
G(,0)=m(.,e) andG (, 1) = 1. ClearlyF (e, .) is a path. IfY joining m(e,, €) ande and
G (e, .) is a path irY joining m (e,, €) ande,. Hence, there is a path Yhjoining g and ei.e.,
el C, since Cis the path component containigg

Corollary: Let (Y, m) be an H-structure. Then its principal compomemith composition lavm (p x P)
is an H-structure, called the induced H-structurk.in

Proof: This is immediate from the previous theorem, since the composition of two elements belonging
to P is again contained iR.
Let CompY denote the set of all path component¥ @ndowed with the discrete topology. For

yaY, let [y denote the path component containmng

Proposition 3.3.2: Let [Y, m] be an H-structure. Then ConYpwith the composition law X[,[y]) —
[m (x, y)] is an H-structure, called the induced H-structure in C¥mp

Proof: The composition law is a well defined function:

Let [X] = [x,] and ] = [y,] to show n (X, y)] = [m (X, ¥,)], it suffices to show that there is a path in
Y joining [m (x, y)] and [n (%, y,)].

Sincem (., y) is a continuous map ofto Y, m (.,y) maps a path into a path. Since$xx,], there is
a path betweerandx, inY, say fl - Y. Thenm¢(.,y) is a path joiningn (x, y) andm (x,, y). Arguing
with m (x;, .) we can show that there is a path joimmgx;, y) tom (X;, y,).

Sincem(e.) 0%,.Let F:m(e.) O1,.

Consider the path(y, .):1 - Y.F(y, 0) =m(e, y) andf (y, 1) =y. Similarly, there is a path joining
y andm (y, €). Hence, in (e, y)] = [y] = [m (y, €)]. Hence, gl.[y] = [m (e, y)] = [y] = [m (v, €)]. Clearly
CompY is an H-structure.
Theorem 3.3.3: Let (Y, m) be an H-structure. Then, for each locally comfaspaceX, the spac&”™
with composition lawf( g) — mo [f x g] is an H-structure, called the induced H-structur¥in

[Note f x g: X - Y xYis defined byf(x g) (X) = (f (), g (X))]
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Proof: We first show that the composition mag Y* x Y* = Y* is continuous where
@(f,g)=mo(fxg.
The associated map: Y* x Y*x X — Y is given by
e(f, g, x)=me(fx g(d=n (X ¢X.
If @ is continuousg is continuous by Theorem 3.1.2. Observe that is the map
(f,.9.9 - (), 90() - m(f(),gK).

The last map is evidently continuous;dfx) — (f (X)) and (f g, X) - (g (X)) are both evaluation
maps and sincX is locally compact Housdorff, by Theorem 3.1.4, both are continuous. @hiss
continuous, as required. Now Iétbe the constant ma@(¥) = e xO X;

Letm, (y) = m(y, €); then@(f, € = mo(fx §= m o f

Let m;, 15, be defined as follows:

m (f)=mo f
cfoy”®
L(f)=10 f

Sincem, Ol,, by Theorem 3.2(2) on page 320 of Dugundiji's ‘Topology, 01}, But ny, is the
map f - mo f=¢(f, § andy; is the identity map oi*. Similarly, g — &g is homotopic to the
identity map, and the proof is complete.

3.4 H-HOMOMORPHISMS
Let X, Y be two H-structures.

Definition: A continuous mapf: X - Y is called anH-homomorphismsvhenever the two maps
(x, X) - f(¥. f(X) and(x, X) - f(x, X) of X x X into Y are homotopic.

Definition: An H-homomorphismf: X — Y anH-isomorphisnif there exists an H-homomorphism

g:Y - X such that bothg o f 01, and f o g O1,; in this event the H-structures are called
H-isomorphic Note that an H-isomorphism is necessarily a homotopy equivalence, the converse need
not be true.

Result 3.4.1: Let X Y be H-structures. Let: X - Y be an H-homomorphism [H-isomorphism] and

g: X = Y be such thatf 0g. Thengis also H-homomorphism [H-isomorphism] [i.e., the concepts

of H-homomorphism [H-isomorphism] are homotopy class invariants].

Proof: Given that (x, X) - f(X Of(X) and (x, X) - f(x, X) are homotopic maps from
X x X - Y. Consider the magx, X) - g(® Og(x) of X x X - Y. We shall show that it is
homotopic to the magx, X) - f(x) Of(X) of X x X - Y. Similarly, we shall show that the maps
(x, X) - f(x %) and(x, X) - g(x X) are also homotopic.

By the transitivity of homotopy property the required result then follows.
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Consider the maps [1{x, X) - f(¥) Of(X) and [2] (X, X) - g(ROg %) X x X - Yx Y.
Let F: f O0g. Define H: X x X x| - Y x Y. as followsH (x, X, t) = (F(x, t), F(X, 1)

Then, clearlyH is a continuous function. In fakt is a homotopy between the maps [1] and [2].
Note that the maps

(X, X) - FROFX) =(x N - (IO AR - (X0 {3 and
(X, X) - o0 =(x Y- (gXI¢%¥- 6)X QX
Hence these two maps are also homotopic. Again note that
(X, X) > f(xOX)=(x X) - x k- {XI¥ and
(X, X) - g(xOX)=(x% ¥ - x k- ¢ XY
Sincef and gare homotopic, clearly the above two maps are also homotopic. Hence, the required
result follows.

Let X andY be discrete spaces with H-structures. An H-homomorphfsiX — Y satisfies
f(xOX) = f(X Of(xX). This follows from the following general result and the fact that
(xOX) - f(X¥ Of(X) and (x[X) - f(xOX) are homotopic.

Result 3.4.2: Let X andY be discrete topological spadeg: X - Y are two continuous maps. Then
f Og if and onlyf =g.

Proof: We shall provethaf O0gd f =g.LetF: X x| - Y be a homotopy betweémnd g then
for eachx O X, F(X, .):l - Y is a path inY and,Y being discrete, should be a constant path.
In particular,F (X, 0) =F (X, 1) i.e.,f (X) = g (X). Consequently = g.
Remark: Thus whenX andY are both discrete, an H-homomorphism is evidently a homomorphism in
the usual sense of algebra, and the prefix ‘H-" will be omitted.

3.5 HOPF SPACE
We begin with some definitions.

Definition: A topological spac& is called arH-spaceor HOPF spacef X has an H-structureX( m).

Definition: Let (X, m) be an H-space. Cai[] X ahomotopy unitf
[(] m(ge)=¢e
[ii] The mapsx - m (x,e) andx - m (e X) are both homotopic to, elative to £}.

Examples: 1. From example 1 of 3.3 we know a topological group is an H-Space. The identity element,
it is easy to see, is a homotopy unit.

2. For any spac¥, the loop space (Y; y,) is an H-space. [Example 2 of 3.3]. Here also the
constant loofC(t) = y, for all t 1, is a homotopy unit.

3. From the above two examples we should not conclude that each H-space has a homotopy unit.
Consider the set of real numb&sawith usual topologyR, being contractible, is an H-space
[Example 3 of 3.3]. Leim: RxR - R be defined byn (x, y) =x + 1. Then R, m) is an H-
space but clearly it has no homotopy unit.



Compact Open Topology 121

Theorem 3.5.1: If (x, m) is an H-space with e as a homotopy unit ther{X, €) is an abelian group.

Proof: Leta, b (X, €). To provea.b=b.a. choose loops O a and g Ob. Defineh: 1 - X by
h)=mF@®).g)=f®)g)fortI1. Thenh (i) =f(@)g()=m(x.X,) =% (=0, 1). Hencéis aloop
based ak, and represents an elemedt]m, (X, €. We shall show that = a[b, c = b[@&. Let us
consider the identity element rr, (X, €). It is represented by the constant Idag — X with k (t)
=eforall t 01. Sinceal® =a, fis equivalent to the loog': | — X defined by

of(2t) ifo<st<1/2

F(t) =
O=0  fipcter

ie, f'=f Ok.

Similarly, g is equivalent to the loog': 1 —» X defined by
. e if 0<t<l/2
g =0 :
m2t-1) if1/2<t<1
LetH: f Of' rel. (0,1)andK: g O4g' rel. (0, 1) be the relevant homotopies.
Define @(ts) = m( H(t9, K(t3) t €I
@(t0)=m(H(t0), K({t0))= h(),tOl and
@(0s)=m(H(O9, KO09)= (e = ep@ k I .
Let p: X x| - X be ahomotopy betweepdndx - m(x,e)andg: X x| — X be a homotopy
between Land x . m (e, X), both relative to €.
_On(f(2t), € if 0< t<1/2
“Hn(e g2t-1) ifl2<t<1
and @:9(.,00¢(,rel (0, 1).

i.e,g'=k0Og.

o(t, 1)

Definey; 1 x1 - X as follows:

O p(f(2t),s) if0o<st<l/2
wit.s)= Eg?g(](Z(t—)l),)s if 12< t< 1

Theny is a homotopy betweegr (., 0) andy/ (., 1) andy (.,,1)= f Og andy(.,1) = ¢(.,1).

Soweseethay(.,0)0¢ (,D=¢(, D (.,0Fh

But ¢ (., 0) represents.h. andh represents.

Henceall = c. Similarly, we can show th&t[& = c. Hence, we obtaialh = b &

Corollary: If Xis a topological group witas the identity element, then (X, €) is an abelian group.
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Higher Homotopy Groups

4.1 THE n-DIMENSIONAL HOMOTOPY GROUP

Let X be a topological space ang 0 X be given.

Definition: For every integen > 1, we define th@-dimensional homotopy groug, (X, x,) of the
spaceX at the base poim, recurrently by the formula
(X, %) =4 (Y,
whereY =L (X, x,) ande (t) =x, for t O
Among the most important properties of homotopy groups is the following:

Theorem 4.1.1: 11, (X, X,) is an abelian group for eveny> 1.

Proof: By our recurrent definition, suffices to prove the theorennfer2.

Now 1, (X, %) = m(Y, 9, by definition. We know the loop spack €) = (L (X, xy), €) is an H-
structure withe as a homotopy unit. Hence, by Theorem 3.0y, € is an abelian group.

Let us prove the following characterization of a simply connected space.

Theorem 4.1.2: Let X be a path-connected space. The following are equivalent.
(1) Xis simply connected;
(2) Every continuous map of the unit cir@einto X extends to a continuous map of the closed
unit discE? into X
(3) If f andg are paths iX with the same initial points and the same terminal points thelG
rel. (0, 1).
Proof: Let g be any map 08" into X. We shall prove (1}- g is null homotopic, then by theorem it
follows that (1)~ (2). To prove (1) say suchy is null homotopic, LetA: | . S' be the continuous
map A(t) = exp(2tit),t 01 and p, be the point(1, 0)0S'. Then A(0)=p, =A(1) and is a
homomorphism of (0, 1) ont8" — {p,}.

Define f:1 - X by f(t) =g oA(t), tOI.

Then,fis a path inX with f (0) =g (p,) = f (1), i.e.,fis a loop af (0) =g (p,) = %, (say). Letc (x,)
denote the constant loopxgt SinceX is simply connectedf c(x,), (%) induces a constant map on
st as followsd (2) = x, for all zO S. We show thatg (d, let F: f Oc(x,) rel. {0, 1}. Define
G: S x| - X as follows:
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BF(,s) if z=p
G(z,9=0,,., .
(A2, 9if 20 6-{ p.
G is a continuous map inandG (., 0) =g (.) andG (., 1) =d (.) =x,.
Hence,G: g O d. To prove any gs null homotopicCl (1), Let f:1 - X by a loop. At some
point x, — X. To show fis homotopic to the constant loopxgt Define g: S' . X by

_EfA7@) z0s-{ g

o z=p.

g is a map ofS' ontoX. By assumptiong Jd where dis a constant map & to X. Letd (2) = x,
(say), zO S. Consider the constant mapz) = x,, zS SinceX is a path-connected, there is a path
joining x, to x,. This path gives a homotopy of the constant nmipsde on S'. Hence,g Oe.
Consequentlyg oA = e 0A; infact g oA e oA rel. {0, 1}.

a(2

But goA = f ande oA = constant loop at,. This is the required result.

(1) - (3) Thefact (3)0 (1) is trivial. Hence, we prove (1) (3): Letf,g: | . X be two paths
in X with f (0) =g (0) andf (1) = g(1). To provef Og rel. {0, 1}, consider the loopf g™ atf (0). If
¢, denotes the constant loogf &) then (1)0  f Og™ O G, rel. {0, 1}. Using the remark under 3J1 we
can achieve the following.

(f Og™ OgO fO(g'0g O fOg. (whereg, is the constant loop aff) =g (1) f all relative to
{0, 1}. Again from f Og™ g, relative {0, 1}.

We get(f Og™) Og O ¢ O g relative {0, 1}. Butc, Og O g relative {0, 1}. Hencef O g relative
{0, 1}. Hence the proof.
Let us prove the following important result about simple connectivity.

Theorem 4.1.3: Let X be atopological space such théat= U, 0 U, whereU,, U, are simply connected,
U, n U, is non empty and path-connected. Thes simply connected.

Proof: It is easy to see that is path-connected. Hence, we have to prove thét) is trivial. Let
x,0U;n U,. Let f:1 - X bealoop basedsf Clearlyl = f *(U,) O f ™(U,). Sincel is a constant

metric space, this covering has a Lebesgue numbeg, sd), we next assert that it is possible to divide
[, the unit interval, into subintervals [}, [t;, t.] ..., [ty t,], where

0=ty <t <t,<..<t,_,<t, =1,
Such that the following conditions hold:
[a] f([t t.) DUor f([t, t.]) ODU,for0 <is<n
[b f([t_, t)) and f([t, t..]) are not both contained in tsameopen set;, j = 1 or 2.

This assertion is proved as follows: Divide the intehnalany way whatsoever into subintervals of
length less tharz.
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Then condition &) will hold; however conditionk) may not hold. If two successive subintervals
are mapped byinto the samé&Jj, then amalgamate these two subintervals into a single subinterval by
omitting the common end-point. Continue this process of amalgamation until conbljttorids.

Note that for any two closed intervaés p] and [c, d] with a <b and c< d, there is ainique order
preserving linear homeomorphigmsuch thath (a) = ¢ andh (b) = d. We are not interested in the
explicit expression foh but we shall denote it by the following notation:

[a, b] - [c,d]

Now, for each, 1<i<n,[0,1] - [t_;,t] O . X isa path irX, denote by, [say]. Now, there
exists a partition {0 @, <a, < ... <a,_,<a, = 1} of [0, 1], not depends off; s such that

10,01 - [0, D= [0, 1]
f0f,0..0f = 4o @2l ~[0. 10 f- [a, aj]

4
Hays i1 -10,i1 0F-[a,, a]

If p:1 -1 be the continuous map defined by

a0, a;] - [0,4]on [0, a4]
. Eial, a,] - [t, tjon[a,a

D..
Hav—li a,] -[tpyonfa,, a]

then f,O0f,0...0f,= f o p. Sincep (0) = 0 andp (1) = 1, by Theorem 3.2.2f Of o p=

f,O0f,0..0f,, relative {0, 1}. Now, eacli is a path irJ, or U,. Because of condition (b), it is clear
that f (t;) DU, n U,,0<i<n. SinceU, n U, is path connected, Igtbe a path itJ, or U, with g; (0)
=f(t_,) andg; (1)f (t), 2<i<n. Then f'= f,0g,0g,0...0g, is a loop ak,. Since image of, =

f ([0, 1]) is connected it; (j = 0 or 1)f; is a path irJ;. By construction each (2i n) is a path iJ, U
and hence, in particular, th Consequentlyf’ is loop atx, lying insideU;. ButU; is simply connected,
thus f' is homotopic to the constant loopxat Again, f; andg; are paths in eithdy, or U, with same
initial and same terminal poinf2 <i <n). BothU, and U, being simply connected, by Theorem 4.1.2,
f, Og relative (0, 1);i 2 2. Hence f'= f,0g,0g,0...0¢,0 10 £0 ,0...0 f,0 f all relative to
{0, 1}. Consequently is homotopic to the constant loopxgtelative {0, 1}. As a resultr, (X, x,) is
trivial. X is hence simply connected.

An Application: SupposeS" stands for the closagsphere of radius 1 iR"**; n> 1.
e, S"={(% X ..., X0 O R ™ ¥ =]
Before we prove Lemma 1, we prove the following lemma first.

Lemma 1: Let 0<a <fB. Forn21, A={(x, %, .., x)0 Rja<} y i< B} is path-connected.

Proof: First observe that eac8" is path-connected: Let
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S ={(X %o e %41) O S %4120} and
ST ={(% X ..., %+1)0S"; %120} Under the projection to the spaR8 eachS! and S is
homeomorphic to the closeddimensional ballE" ={( x, %, ..., %)OR"; y¥ >1}. SinceE" is path-
connectedS] andS” are path-connected. Aga8] n S' # ¢. HenceS"= §' 0 3 is path connected.
Fix n. ConsiderA={(%, %, .., %)OR™ a<Z ¥ <B}. Take(a, @, ....3,),(B,5,...H I A
Let c=3g% d=32I
Case l:a<c<d<p
Let A ={(% % .., %) DR:Z X = ¢,
A ={(% % - %)OR,ZX =4
and A ={(% X .., X)OR"; v cs x</ ¢
ClearlyA, andA, are homeomorphic 8™, hence they are path-connected by our first observation.
A, is homeomorphic to the closed inter\{'a/IE, JH] and hence, path-connected. Note thatd, ...,
a;) and (Jc, 0, 0, ..., 0) belong toA,, (b, b,, ..., b,) and (\/d, 0, 0, ..., 0) belong toA, and
(Jc,0,0,..,0)and (+/d, 0, 0, ..., 0)belong toA,. Since all these three sets are path-connected, we
can find path$, g, h:1 — R" such that
f(0)= (@, &, ....& ), g(0)= ¢/d,0,0,..,0)andf () A ,
f()=c,0,..0),9@0F @b, ... )h©Fc,0,..0),
g()0 A andg()0 A.
h@) = (/d, 0, .., 0)
Sincef (1) =h (0) andh (1) =g (0) we can compose these paths to get a pathf OhOg: | - R
such thap (0) = @y, a,, ...,a,) andp (1) = O, b,, ..., b,). Note thatA 0 A, 0 A, A Hencepis a
path inAjoining @, a,, ..., &, and b, b,, ..., b,).
Case2 a<c=d< . Sincec=d, (a;, a, ...,a,) and @, b,, ..., b)) OA andA, is path-connected.
Lemma 1: Forn=2,S" can be written as a union of two open &gtandU, of S" such that); n U,
is path-connected and eachlbfandU, is simply connected.
Proof: Let n= 2 be fixed. Consider the two open subsetS'ajiven below:
Up ={(% X s %40 OS" Xy > —1/4}
Uy ={(Xy X ooy %40 OS"; %1 <1/4}
Clearlyu, n U, = S". We shall show thatl, andU, have the required properties. Look at the map
h:S" - R"defined byh {(¢ ,%X, , ...Xs1 = §1 Y5, -¥n )
X

Xn+1

where vy, = wherel<i<n.
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Clearlyh is a homeomorphism &f, onto the range.

D={(yp Yo %)OR"; " y¥ <5/3}. D is an open ball oR" of radius 5/3. HencB® is simply
connected. As a result, is simply connected.

Similar arguments show thél, is simply connected.

Now U; n U, ={( Xy X ..., %+0) 0S"; —1/4< x,,, < 1/4}. We see that

h(U; nUy) ={( ¥y Yo -r %)OR";3/5<" y? < 5/3} and this set is path connected by dint of
Lemma 2. Sincé is a homeomorphismJ, n U, is also path-connected.

The following theorem followa from Lemma 1 and Theorem 4.1.3.
Theorem 4.1.4: Then-sphereS", n > 2, is simply connected.
Examples: Any convex subseX of R" is contractible to a point. To prove this, choose an arbitrary
point x, 0 X, and then defind=: X x| - X by the expressioR (x, t) = (1 —t) x +tx, (i.e.,F (x, t) is
the point on the line segment joinir@ndx, which divides it in the ratio (1t} t. ThenF (x, 0) =x, and
F (x, 1) =x,., as required. More generally, we call a subsef R" starlike with respect to the point
% O X provided the line segment joinimgand X lies inX for anyx[ X Then, the same proof suffices

to show that, iX is starlike with respect tq, it is contractible to the point —a contradiction, because
S'is not even simply connected. Consequerglyis not contractible.

4.2 HOMOTOPY INVARIANCE OF THE FUNDAMENTAL GROUP

From Theorem 2.1.1 we know that two pointed spaces having the same homotopy type as pointed
spaces have isomorphic fundamental groups. We would like to establish a similar result for two path
connected spaces which have the same homotopy type as spaces (no base point condition). We need
some preliminary results.
Lemma: LetF: 1 x| - Xand let g a,, b,, andb, be the paths iX defined bya; (t) = F (i, t) and
b(t) = F(t,i);t01,i = 0,1. Then(a, Ob) O(a* Okg") is a loop in XatF (0, 0) which represents the
trivial element ofr, (X, x,) wherex, =F (0, 0).
Proof: Let a, &, b, andb, be the paths ihx | defined bya; (t) = (i, t) andbi(t) = (t,i);tOI, i =0,
1. Then(a, Ok) O(g™* O™ is aloop at (0, 0 maps this loop into the loofa, Oh) O(a* O kY)
atx,. Sincel x |, being a convex subset Bf, is contractible, henc¢a, Oh) O(g* OK}) O 0, 0)
wherec (0, 0) is the constant loop at (0, 0). Therefore,
(@ Oh) O(a' ORY) = Fo((a 0P O(&a 0 Y0 Fo, 0)= 49
whered (x,) is the constant loop &t = F (0, 0).
Let f, g be continuous mapX - Y and letF: X x| - Y be a homotopy betwedrandg, i.e.,
F (x,0) =f (), F (x, 1) =g (X). Choose a base poin¢ O X. Then, fandg induce homomorphisms
fFm(X, %) - (Y, f0%)),
gum(X, %) - (Y, f(x)).
Let a be the path from (x,) tog (X,) given bya(t) = F(x,, t), tO1.a defines an isomorphism
u: (Y, (%)) - m(Y, d ¥)) by the formula
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u(A) =[] 0A Oal, ADmY, f(x)).
Theorem 4.2.1: Under the above hypothesis, the following diagram is commutative.

n.l(X, X) f* ‘C[l(Y! f(X))
G Tm(Y, 9(%)

Proof: Let h: 1 - X be aloop ax,. Consider the mag: | xI - Y defined by
G(t,a=F(h()),s.
Then, we havés (t, 0) =F (h (t), 0) =f (h (1)), G (t, 1) =F (h (), 1) =g (h (t)).
G (0,9 =F (h(0),9)=F (%, 9 =F (h(1),9 =G (1,9). i.e.,
G(t,0)=f oh(t), G(t,)= go h(Y) and G(0,sF G, sFra (9.
Apply the Lemma above to conclude that(g o h) O(a* O( f o B™?) is a loop at fx,) and it
represents the trivial element of(Y, f(x)).

This implies[a] Og [ A) 0d = f{ P or equivalently
gO(H) =[a] *OfI( B Dd =@ fOM
gU=uo fO
Theorem 4.2.2:1f f: X - Y is a homotopy equivalence, thef i, (X, X) - (Y, f(X) is an
isomorphism for any X X.
Proof: Becausegf = g o f 01,, we obtain the following diagram (which is commutative by
Theorem 4.2.1):
m(X,x) fx nl(\i,gf*(x))
e (Y, 9F(%)
Hereu is an isomorphism induced by a certain path frota gf (x). Hence, we concludkis a
monomorphism, angiis an epimorphism. Applying the same argument to the homd@py f o g U1,
we obtain the following commuititative diagram:

meY, 1()__,
g y £l
m (X, gf (X)) ——— m(Y, fgf(X)

Therefore, we concludg is a monomorphism. Becauske g is both an epimorphism and a
monomorphism, it is an isomorphism. Becawge f 0= v and bothg U andv are isomorphismsf O
has to be an isomorphism.
Corollary 1: If XandY are path connected and are of the same homotopy type, then their fundamental
groups are isomorphic.
Corollary 2: If X andY are path connected and homeomaorphic spaces, then their fundamental groups
are isomorphic.

Remark: The above two corollaries provide a very powerful method in algebraic topology of proving
that certain spaces are not of the same homotopy type (and hence are not homeomorphic).
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Theorem 4.2.3: Sis not a retract oE? ={( x, x) OR% ¥ + % <1}.

Proof: If possible leS' be a retract 2. Leti: S' - E bethe inclusion map. Then by our assumption,
there is a continuous map (i.e., retractionf? — S' such thatrj.= 1, . Then, we have

m(s, (1, 0)0H- mE*@0)0E- m €, @ 0)and
r Oi O= (i) 0= (&¥") 0= identity on &', (1, 0)) =Z.

This is a contradiction, becausg(E?, (1, 0))= {0}.

One of the best known theorems of topology is the following fixed-point theorem of L.E.J. Brouwer.

Let E"={xOR"™|| x||< 1}

Theorem 4.5.4: Any continuous magp of E into itself has at least one fixed point, i.e., a pgistich
thatf (x) = x.
Proof: We shall prove this theorem for< 2.

First we prove that, for any integer> 0, the existence of a continuous mapg" —. E". which
has no fixed point, implies that the{ 1)—spheres"™* is a retract oE". This is done by the following
geometric construction. For any poirf]l E", letr (x) denote the point of intersection 8f* and the
ray starting at the poirfit(x) and going through the poirt r can be shown to be a continuous function
of EMinto S". If x(1S™. Itis clear that (X) =x. Therefore is the desired retraction. For= 1,S= 1,

t is disconnecteds connected and hen&xannot be a retract &

Forn = 2, the result follows from Theorem 4.2.3.

Hence the theorem cannot be proved by methods of homotopy theory. In later chapters we shall
present the proof for the general case. Figure shows the situation for time=c2se

f(%) r()

Fig. 4.1



CHAPTER 5

Surfaces, Manifolds and
CW Complexes

5.1 SURFACES

Since classification of topological spaces requires the evaluation of homotopy and cohomology groups,
we shall first discuss some special topological spaces of pathological interest.

Let R" denote the n-dimensional Euclidean space with the usual Euclidean metric. We shall now
denoteB" ={X OR"; || X||= 1} = The closed unit n-ball

S™ ={X OR" || X||= i} = The (n- 1)-sphere irR"
Thus, S' ={(%, %), x>+ % =1} = The unit circle inR?
and  S?={(x, %, %), X + % + % =1} = The unit sphere ilR>
I ={XOR;0< x<} =The unitinterval in R
12 =1 xI ={(x y),0< x<1,0< y< 1} = The unit square ifR>

S'xS={x y; xO03 yO $ =The torus having the surface of a doughnut.

Observe that a torus can be obtained by topological identification of the edges of a square as indicated
below. Surfaces like Cylinder, Mobius Band, K leins bottle can also be obtained by topological
identification as follows.

Cylinder Mobius band Torus Klein's bottle

Note the same direction i.e., arrowhead implies that the two edges are to be glued similarly but
opposite arrowheads implies that the corresponding edges are to be glued after a twist of 180°. The
surfaces are pictured below.
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@@@@

Cylinder Mobius band Torus Kleins bottle

The rigorous mathematical method of defining the surfaces like Cylinder, Mobius band, Torus and
Kleins bottle is the topological identification. Below we demonstrate the method for Cylinder and Mobius
band only. The others follow similarly.

Let X =1 x |. Define an equivalence relation ~ &hby (x, y) ~ (X, ¥) if f (X, y) =(X, y) or
{x x} ={0,3 andy = y. ThenX/~with the quotient topology is in fact homeomorphic to the cylinder.
For mobius band, we define the equivalence relationXtn(x, y) ~ (X. y) if f (x, y) = (X, V)
or{x x} 50,1} andy=1~Y.
ThenX /~ is homeomorphic to the Mobius band.

One should not&' can also be obtained from | by a similar identification. The torus isShusS
equiped with the product topology.

Projective Spaces

The real projective space” is defined by identification as follows:
Define ~ onS" asx ~y if f x=-yi.e.,x and x of Sare identified by ~.

ThenS"/~ is called theReal Projective Spacand is denoted b?" or more specificallyRpP", The

spaceP? is usually called th®eal Projective Plan@and hence is obtained fro® by topological
identification.

It is easy to observe tha" just asS"™ is a closed subspace 8¥.
One can define the complex projective space similarly, infact, starting with the camwgpéere
s g c™?! one defines.
(2, %,y 2.1,0,.)~@ z,...A 7,,0,..)
for each complex numbex with |A|= 1. The resulting quotient space is the complex projective
space and is denoted IBP" to distinguish fromRP".

Connected Sum

Intuitively the connected sum of two surfaces is obtained by removing small open discs from both the
surfaces and then glueing along their boundaries.

Thus the double torus is the connected sum of two torus. The formal definition is given below:
Definition: Let X andY be two topological spaces, then the connectedWush X andY, written as
X xYis a topological space W defined as follows:

Let f:U - V be ahomeomorphism whette ] X andV O Y. Then define an equivalence ~ on
XUYasz, ~2,if Z,=2Z,0rz =f(z)or z= f(3).
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Then,W = X O Y is the connected sum of the spakeand Y Notef does the connection of the
two spaces. In particular, this connection can be effected by taking only two gointX and y, in Y
and then defining~oX 0 Y asz ~ z iff z =z, 0rz = x andz, =y, orz =y andz, = x,.
Note the definition can be extended to finitely many spaces.

One of the classic theorem on surfaces is the following.

Classification Theorem of Surfaces

Every compact surface is either homeomorphic to a sphere or to a connected sum of a sphere with some
tori or to a connected sum of a sphere with some projective planes.

5.2 MANIFOLD

Mainfolds constitute a general class of topological spaces with nice behaviour and hence form an important
component of the study of topological spaces from algebraic stand point.
Definition: An n-dimensionamanifoldor simplyn-manifold is a Hausdorff space in which each point
has an open neighbourhood homeomorphic to the oitmensional disaD" ={X OR" || X||< 1.

Clearly the circleS' is al-manifold, $ is a 2-manifold and similarl{' is ann-manifold. The
following observations are interesting:
Observations 1: Every non-empty open subset of @manifold is ann-manifold.
Observations 2: If Sis anm-manifold andT is an amanifold, therS x T is an (n + n) manifold.
Observations 3: If Xis aG-space wher& is a finit group acting freely aX, thenX/G is ann-manifold
if Xis so.
Observations 4: Every compact-manifold is homeomorphic to a subspace of some Euclidean space.
Definition: A surfaceis a compact connected 2-manifold. Thus the mobius band, torus, double torus,
sphere, Klein’s bottle, real projective plane are surfaces.

Definition: A surface is said to barientableif it does not contain a mobius strip within it. A surface is
callednon-orientabléf it is not orientable.

Thus a torus is orientable but a Klein’s bottle is non-orientable. Similarly a sphere and a double
torus are orientable surfaces.
Definition: An orientable surfacés said to be of genusif it is expressible as the connected surS'of
andm replicas of a torus.
A non- orientable surface is said to be of gemiikit is expressible as the connected surS'aind
m replices of the real projective plaRé
Definition: An n-manifold M with boundang M is a Hausdorff spadd in which each point has an
open neighbourhood homeomorphic to eitRéror the upper half space &", i.e.,{x OR", x, =0}.
Here dM ={x 0 M; x has neighbourhoods homeomorphic to the upper half space butRGt to
Therefore, a surface with boundary is a compact connected 2 manifold with boundary.
It is easy to observe that the boundary ofamanifold is an (1) - manifold.
As for example; the spad8” is ann-manifold with boundarys"™.
The Mobius strip is a surface with boundary. As regards surfaces the following result is interesting.
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Theorem 5.2.1: Two surfaces are homeomorphic if and only if their fundamental groups are isomorphic.

For proof, consult Spanier [25].

Definition: A surface is imply connected if it is path-connected and its fundamental group is trivial.
One simple characterization of simply connected surfaces is the following:

Theorem 5.2.2: A surface is simply connected if and only if it is homeomorphig’to
Proof: Easy.

Definition: A triangulation of a compact surfaBeonsists of a finite family of closed subsgrs T,, T}
which coverSand a family of homeomorphismgs: T, — S Intuitively, triangulation of surface means
division of the surface into several triangles which make up the entire surface.

So the following triangulations are not allowable

1V =

For a triangulations to be allowable, the following conditions must be fulfilled.
(i) Each side is an edge of exactly two triangles.
(i) Letv be a vertex of a triangulation. Then, one can arrange the family of all triangles with the
common vertex v in cyclic order such thag, T,, T,,... T._; T, = T such thatT; andT;,,
have an edge in common fOr<i<n-1.
Below we show some triangulations.

1 2 3 1
4 4
5 5
1 2 3 1
Torus Projective Plane

Remarks: The notion of triangulation can be extended to arbitrary topological spaces as follows:
A triangulation (K, ¢) of a topological spac& consists of a simplicial compleiX and a
hoeomorphismp: |[K | - X. If X has a triangulation i.e., X is triangulable, Xs called golyhedronIn
other words, every polyhedron is triangulable. This is not difficult to prove.
Rado’s Theorem: A surface is triangulable if and only if it has a countable basis for its topology.
Whether or not the-manifolds (> 2) are triangulable is still an open problem.
However for classfication, Euler devised a characteristic for triangulable surfaces.
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Definition: If Sis atriangulable surfacevith v verticese edges andtriangles, thew —e + t is called
the Euler’s characterstiof the surfacé& and is denoted by (S).
Thus x (S) = v— e+ t
One thing should be observed that the Euler’s characteristic of a surface is independent of the mode
of tringulation and as such it is well-defined.
One can easily se¥ (Torus) =0
X (Sphere) =2
X (Projective Plane) = 1.
The following two results are classic in this area.

Theorem 5.2.3:If S and S are compact surfaces, thgn(S, # S)=x (9 +x ( 9 - 2.

Theorem 5.2.4: Two compact surfaces are homeomorphic if and only if their Euler's characteristics
are equal and surfaces are both orientable or both non-orientable.

Covering Space: Covering spaces form a class of topological spaces that have peculiar properties. We
just recall the definition here.
Definition: A covering spacef a topological spack is a pair(X, p) where Xis a topological space
and p: X - X is acontinuous map such that each poaitX has a path-connected open neighbourhood
U for which each path-component pf*(U) is mapped topologically ontd by p.

Any open neighbourhood that satisfies the condition stated above is calle@lamentary
neighbourhoodandp is called theprojection As for example,R, p) is a covering space @& where,
p:R - S'is defined asp(x) = &. Similarly, if f:Y -~ X is an homeomorphism, thel, ) is a
covering space oX. It is easy to observe that every space is a covering space of itself.

An important result regarding covering spaces is the following:

Covering Space Theorem:If p: B - X is a covering projectionp, OB, x, = p(k) then
plm, (B, k) Om, (X, %), n= 2 and p mapsy, (B, h,) isomorphically intor, (X, x,).
Proof: See Spainer [25].

5.3 CW COMPLEXES

The computation of homology groups for spaces is not as easy as it appears.

For surfaces like torus even, it is too long and tedius.

A technique was developed by J.H.C. Whitehead in this regard and the related concept, viz., CW
Complex generalized to a great extent the spaces that are usually dealt in this connection.
Definition: A CW Complexs a Hausdorff spacé which is the disjoint union of homeomorps of
the cell B" a finite union of subsets &feach of which is a homeomorphic image of a cell of dimension
less tham.

A CW Complex is finite if it is a union of a finitely many homeomorph$6f

It is easy to observe that a finite CW Complex is compact.
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One can see easily that most of the commonly known manifolds are CW Complexes.

As for example, the sphere, the torus, the Klein’s bottle and the Projective Spaces are CW Complexes.

An interesting result is that any topological space is approximable by CW Complexes which is
unigue upto homotopy.

5.4 FIBRE BUNDLES

A covering space is in a sense the product of its base space and a discrete space. Its direct generalization
is the concept of fibre bundle and for a fibre bundle, the total space is locally the product of its base
space and its fibre.

Definition: A fibre bundleis a quadrupleH, B, F, p) whereE is the total space is the base spade,
is a fibre andp: E - B is a bundle projection such that there exists an open cov@gfipgof B and
for eachU,, there exists a homeomorphiggm: U, x F - p™ (U,) such that the composite.
Ug xF O p* (Uy) O - U,

is the projection to the first factor.

The setp™ (b) is called the fibre ab 0 B

We note

(1) F is homeomorphic tgp™ (b)

(2) The bundle projectiomp: E - B and the projectiorB x F - B are locally equivalent.



CHAPTER 6

Simplicial Homology Theory

The exquisite world of algebraic topology came into existence out of our attempts to solve topological
problems by the use of algebraic tools and this revealed to us the nice interplay between algebra and
topology which causes each to reinforce interpretations of the other there by breaking down the often
artificial subdivision of mathematics into different branches and emphasizing the essential unity of all
mathematics. The homology theory is the main branch of algebraic topology and plays the main role in
the classification problems of topological spaces. There are various approaches to the study of this
theory such as geometric approach, abstract approach and axiomatic approach. Since geometric approach
appeals easily to our intuition, we shall start with geometric approach, the relevant development being
called simplicial homology theory. The abstraction of this having two-way development will be called
singular homology theoriy one direction an@ech Homology Theoiin the other. The singular theory

iS more appropriate to homotopy theory while the Cech theory is more appropriate to homotopy theory
while the Cech theory is suitable for the study of manifolds and fibre bundles. Thus the simplicial theory
is in a sense the intersection of these two theories. There is another approach due to Eilenburg and
Steenrod popularly known as axiomatic approach. Since such an approach always evolves historically
as a successor to the intuitive approach, ours is no exception to it. But the limitations imposed on us to
write such a book in so few pages will hardly give us any opportunity to go into the details of proofs.

6.1 SIMPLEX AND SIMPLICIAL COMPLEX

We introduce the notation of simplex in a finite dimensional Euclidean space. It should however be noted
that this notation of simplex can be generalized to infinite dimensional spaces also and infact to general
topological ventor spaces. Intuitively, simplices are the building blocks of this simplicial homology theory.
Definition: A set of pointsp,, p,, ... p,, in R™ (n = m) is said to baffinely independeritthe vectors
PL= Por B~ R By~ R are linearly independent.

An n-simplex A, is the set of points obtained by taking all convex combinations of a set of
affinely independent points iR™ (m= ) called the vertices of the simple,.

Thus, a point may be taken @simplex, a closed segment is a 1-simplex, a closed triangle is a 2-
simplex, a closed tetrahedron is a 3-simplex.

Po Ps P,
Py R /\ ﬁ
o —
Py P2 Po Py

0-simplex 1-simplex 2-simplex 3-simplex
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Observation 1: Every pointp of ann-simplex (p,, p ; —; p,) can be written as
p=Ap +tA pt..+tA, p
where A, 20 foralliandy A =1
The ordered real numbefa,, A,, ..., A, ), is referred to as tHearycentric co-ordinatesf the pointp.
Observation 2: Every pointp admits of a unique expressionkarycentriccoordinates.
Remark: Sometimes a simple&, may be expressed in terms of its vertice§@s p,, ..., p,) and in
that case the simplex is said to be spanned by its vertices.

Observation 3: The boundary of am-simplex is composed oh(— 1)-simplices. For example, the
boundary othe above 2-simplex is composediokel -simplices namely p,, p,), (p, p,) and (p,, p,)
the boundary of the above 3-simplex is made of four 2-simplices namely

(P R P) (R R R).(R R B and(p p, p)
By we shall denote the boundary &f by A,,.

ThusA, =(p) O (p)=(p WU (R BU(R B

Definition: By anm-faceof a simplexA,, we mean a subsé_ spanned by any set ofvertices of
wherem<ni.e., the set of points obtained by taking all convex combinations ohasmytices ofA,,.
Observe that a 2-simplek, has its boundary composed three faces, each of which is a 1-simplex
and a 3-simplex has four faces, each of which is a 2-simplex. Thusiplex will have § + 1) faces
each of which is am(- 1) simplex.
Definition: A finite geometric simplicial complesr simply complex inR™ is a finite collectiork of
simplices, of R™ subject to the conditions.
(@) If A, 0K and4, is aface ofA, written asA, <A, thenA, OK.
(b) If &, n Ay z@. A, UK, A OK, thenA, n A, OK.
Thus, if a compleX has a simplex as its object, th€rrontains all its faces also.

The dimension of a complex will be defined as the least upper bound of the dimensions of its
simplices.
The following examples illustrate the situation

L AT & A

a complex a complex not a complex not a complex

6.2 TRIANGULATION

Definition: The union of all simplices of a compl&will be called the underlyingolyhedronof K
and will be denoted byK]|. Thus K| is the set of all points of the complkxthe topologised by the
Enclidean metric.
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The complexX is said to be a dissection toiangulation of the polyhedrorK.

Observation 1: If AOK, thenA O|K|.

Observation 2: The polyhedornK| of a compleX is the set of points that constitute the simplices of
the complexX and it has the relative Euclidean topology. Thus from above it follows every polyhedron
is compact.

Definition: A subset of a complek which itself is a complex is calledsabcomplexf K.

The subcomplex of a given complixconsisting of all simplices of dimensiahr is called the-
skeleton of the compleiX and is denoted ag (")

Thus, the O-skeletoi© consists of all vertices d.

Observation 1: The union and the intersection of subcomplexes are subcomplexes.
Observation 2: If K, andK, are two subcomplexes &, then |K;, 0 K,|= |K;|O K, |and
Ky n Ky = Ky [n Ky |
Definition: If a subset ofK, of a polyheydronK| is such that there exists a subcomplex whose
underlying polyhedron i$K, |, then it is called gubpolyhedron

Let (p, p -.- B,) be ann-simplex. Then we can define a barycenter (or center of gravity) of this
simplex as a distinct poinp, 1, ., defined as

1

n
polz...n = n+li§0 ﬂ

6.3 BARYCENTRIC SUBDIVISION

Definition: A subdivision of a complex into simplices whose vertices are finite subsets of the vertices
and the barycentres such that the subscrigi's shtisfy a total order relation will be callebarycentric
subdivision

The following will illustrate the situation better. Consider the complex defined below by the vertices
p, P, and p;.

y P>

P> Ps

Pos

P1 Po plA Por Po

Let Po1s P2y Poa Posdenote the barycentres@l, p,), (p, ), (R B,) and(p, p;) respectively
and let p,; , denote the barycentre ¢f, p, p,).

The simplices obtained by dissecting the given complex Wil{ (g py; Pos), ( Py Por Pods

(P Pz Posd): (P2 Pr2 Posd: (P2 Poz Poia)s (Po Poz Powd: ( Po Po) @nd (p; ). Observe in each
simplex the sub-scripts satisfy an ordering by inclusion. Such a sub-division will be calledtthe
barycentric subdivisioyof the given compleK and it will be denoted b¥X'. One can make another set

of dissection in the same way to obtain the second barycentric subdiisidiithe process is continued,
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one will be able to get theh barycentric subdivisioi". Thus K" = (K"™)". One should observe that
the more we continue the dissection process, the less will be the diameters of the simplices obtained
thereby. In fact the following is true.
Theorem 6.1.1: For any simplicial compleK and anye > 0, there exists a natural numimesuch that
the simplices of the barycentric subdivisi&! have diameters ¢.
One can immediately derive the following corollary:

Corollary: Every polyhedron has for eves/> 0 a triangulation with simplices of diametetse.

Definition: For a vertexp of a complex, the star op written asSt [ d = p<A O K where p<D
meang is a vertex of a simplex De., it is the union of all simplices & which havep as a vertex.

6.4 SIMPLICIAL MAP

Definition: A map @: |K| - |L | from the polyhedron of a complékto the polyhedron of another
complexL is said to bea simplicial mapif for every simplex(p, p, ... p,)0 K, the points
@ (po), ---- @ (p,) are the vertices of a certain simplexin

One should note that a simplicial map carries a simplex to another simplex not necessarly of the
same dimension.

6.5 SIMPLICIAL APPROXIMATION

Definition: Let f:|K| - |L|be a continuous map from a polyhedr&t o a polyhedrorl]|. Then a
simplicial approximation dfis defined as a tripléK, L, ¢) whereK andL are the associated complexes,
|[K| and || the triangulations oK andL, and ¢ is a simplicial map such that for every
St (PO 7 (st@( p))-

One of the important achievements in the direction of triangulating of a space is the following
theorem and its corollary.

Theorem 6.5.1: For every polyhedroh, there exists ag, such that if andg are continuous mappings

of an arbitrary polyhedrok intoL and| f —g|< €, thenf andg have a common simplicial approximation

(K™, L, @) for somen=>1.

Proof: See Dold [6].

Corollary: Every continuous mapping of a polyhedron into a polyhedron has a simplicial approximation.
Orientation of a simplex means an ordering of its vertices.

Definition: Two orderings of the vertices are said to determine the edergation of the simplex if

and only if an even permutation transforms one ordering into the other; if the permutation is odd, the
orientations are said to be opposite.

Thus, there are basically two orientations of a simplex Ifhas the orientatiorip, p, ... g, ),
then the same simplex with opposite orientation will be denoted\gqs

For example, ifA, = (p, p, Py, then(p, p, p) =(p, B P) =4 ,but
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(PP R)=(RRRR=(AR H=-A4,

P> P>

Po A, P1 Po  -A, P1

Let A, =(py p...- ). An oriented (- 1) face oppositgy, written by (p, p, ... p ... B ) is said
to becoherently orientesvith (-1)', i.e., (p, p,.. B .- B ) iS coherently oriented with,, if i is even
andnoncoherently orienteiii is odd. Thug p, p,) has coherent orientation with the simp(gx p, p,)
while (p, p,) is non-coherently oriented witfp, p, p,).

P> P>

Po Py Po Py
(pg p,) Coherently oriented (p P,) Non-coherently oriented

A complex K is said to berientedif each of its simplices is endowed with some orientation. In fact
an orientation of a compleiX is a function which assigns to each simplexXabne of the oriented

simplices determined by it and hence an oriented complex is writt@g, &s).
Remark: To start with it may appear that orientation is a must for defining homology group of a

simplicial complex, but it is a proven fact that the homology group of a complex is independent of its
orientation.

6.6 HOMOLOGY GROUP

If Gis an additive abelian group aAds a subset db, then the smallest subgroup containrdng called
thegroup generatefly Aand the set /& called theset of generatorsf this group. Every element of this
group admits of an expression of the fooma + m, 3 +...+ m awhere..a, JA,m, m ...are
integers, i.e., sum of integral multiples of finitely many elements of

The generated group is said to be fifesich an expression for every element is unique.

We shall use this notion now to construct a sequence groups, gralgzs of chains

Definition: Let (K, o) be an oriented complex. The free group generated by all 0-simpliéess of
called thegroup of O0-dimensional chairend is denoted aS, (K, a) or simplyC (K). Similarly, the
free group generated by all 1-simpliceskofs the group of 1-dimensional chains and is denoted as
C, (K). One define€ (K) as the group ai-dimensional chains.

Thus, we have a sequence of the groups of chains

Co (K), G (K), G (K), ... G, (K), Gy (K), ...
One should observe for a finite dimensional complethe above sequence is finite.
We next define a sequence of homomorphisms for the above sequence of additive abelian groups.
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Let A, =(p, P ... p,) b€ an oriented-simplex belonging to the complék
Let us define ma@,: A, - C,;(K) as follows
0n D) =3 (D) (P BB B

Then sinceA, is a generator o€, (K) and @ , is to be a homomorphism ad, (K), we can
extend this map t¢, (K) as follows:

For any elemenC, = m AL + m A% +...+ m A O G( K,

define d_(C,) = md, (AL) + md (A2) +...+ m.d (&%)

Such homomorphismg , (n =1) are called boundary operator®ne can easily verify now that
0,4.0,=0.

The proof follows by first taking a generataf, and provingd, _, 2,, (A,) = 0 and then taking any

chain C instead of a generator.
We thus get a sequence of groups of chains with associated boundary operators as follows:

C, (K) <0 C (K) <50 G, (K) -0 ... B0 C, (K) ~'th ...
Let us now consider the groa (K) of n-dimensional chains and the two adjoining groups as follows:
Coa (K) <0 C, (K) <OTH Gy (K)
Definition: Thekernelof the homomorphisn@,, which is a subgroup dat, (K) is called the group of
n-dimensional cyclesf the complex(K, a) and is denoted a&, (K, a) or simply Z,, (K).

The image of the homomorphiséh.; which is a (normal) subgroup @, (K) is called the group
of n-dimensional boundariesf the complex(K, a) and is denoted aB, (K, a) or simply B, (K).

Note that the fact,_, d, = 0 proves thatB, (K) is a (normal) subgroup &, (K) and hence one
can define the quotient group, (K)/B, (K).

The nth homology groupH,, (K) is defined to be the quotient grouf), (K)/B, (K). Thus,

H, (K)=Z, (K)/B, (K), n=1.

By taking d, as a homomorphism mapping frady (K) to the empty sep one can defingd, (K)
also.

Two n-dimensional cycleg, and z, are said to be homologouszf - z, 0 B ( K).

It is not difficult to prove that ifo and are two distinct orientations of the same complex, the
corresponding homology groups of all dimensions are isomorphic. Thus one can define homology group
of an unoriented complex as the homology group of the said complex given any orientation to it.
Some Results
The following results are of computational importance. Their proofs are easy.

Let G denote the Coefficient Group, e.g.,Let [J denote isomorphism.

Theorem 6.6.1: H, (K) OG if and only if K is connected.
Theorem 6.6.2: H, (K) Dél H,(K,) whereK is the union of disjoint connected components
Ky, . K.
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Example 1: Let K be a connected 1-dimensional complex or linear graph, ajttvertices anda,
edges.

Then H, (K) OG, H, (K) is free abelian withp, generators wherep, =a;, -a, +1 i.e.,
H(KYOGOGO....O0 G(p mary)
Example 2: If S* denoted a-sphere, therH, (S%) = G, H, () = 0, andH, (& )is free abelian with
one generator.
Example 3: Since the torus is a topological product of two copies'dfi  (K) OG, H,(K) OGO G,
H, (K) OG, whereK is the torus.
Example 4: If K is a sphere witp handles, theH ,(K) O G, H, (K) O Z, H, (K) is free abelian with
2p generators.
Example 5: If Kis then-dimensional Projective spa¢®’. ThenH,(K) =2, H, (K) =0 if ris odd
and H, (K) is free abelian with two generators is even and not equal to zero.

6.7 HUREWICZ THEOREM

Next letr, (X, A %,) denote the nth relative homotopy grougXafith x, as the base point. Then the
following theorem due to Hurewicz establishes a relation between homotopy groups and homology
groups.

Hurewicz Theorem: Let the subspac&of X be arcwise connected andXeandA be simply connected.

Let it (X, A %) =0 for 2<i <n. Then,m, (X, A %) O H,(X, A.

Proof: See Dold [8]

Thus, the first non-zero homology group and the first non-zero homotopy group have the same
dimension and they are isomorphic.

An immediate consequence of the above theorem is the direct sum theorem:

Direct Sum Theorem: Let A be aretract ak and f: X - A be a retraction.
Leti:A - X and j: X - (X, A) be inclusion maps and let] A
Then,, (X) O, (A O m, (X, A.

6.8 CO-CHAIN, CO-CYCLE, CO-BOUNDARY AND CO-HOMOLOGY

The concepts of the homology group and its related notions respond reasonably well to our intuition and
geometric ideas and are essentially contained in the pioneering work of Poincare done towards the end
of the nineteenth century. The concept of the dual of homology groups came much later through the hands
of Alexander, Cech, Kolmogoroff and Whitney around 1935. Much of the algebra of homology and
cohomology smacks of the theory of vector spaces. Just as the dual of a vector space means the space of
linear functionals over the vector space, the cohomology group of a complex is also a group (in fact a
ring) of functions rather homomorphisms from the group of chains to the coefficient group. For simplicity

we takeZ as the coefficient group here. (We can take any commutative ring as the coefficient group).

Let (K,a) be an oriented complex. Leg"(K) denote the free group generated by all
homomorphism": C"(K) - Z. ThenC" (K) is called the group af-dimensional cochainef the
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complexK. Thus am-cochain is a homomorphism defined by its value on esgimplex. Given an
(n—1) — cochaine™™, we define am-cochaing "* C™* by the ruled "* c"*(a,) = C™(d, A,)
where g, is the boundary operator defined @ (K). Thus @ "™ is the adjoint ofg, and raises
dimension by 1. We now see that"? is a homomorphism since

(6 n-1 Cln—l + 5 n-1 Czn—l) (An) — 5n—1 Cln—l (An) + 5 n-1 Czn—l (An)
=G (0, 8) + G (0, 4)
=G+ G (9, 8,)
=8 GG ()
Now, using the fact,_, d, = 0 one can easily prove that' 3" * =0i.e.,5? = 0.
This homomorphiors": C"(K) — C™*(K) is called theco-boundary operatoiWe thus have a
sequence of groups of co-chains and associated co-boundary as follows:
C°(K) 0% CcY(K) Of- (K Of. ...O0ME c"K)of- c™ (k) Ot ...
Let us now restrict our definition to the nth group of co-ch&@f$K), and its two adjoining groups.

Definition: The kernel of the homomorphist” which is a sub-group af" (K) is called thegroup
of n-dimensional co-cyclesf the complex K and is denoted 2S (K).

The image of the homomorphiog" which is a (normal) sub-group @" (K) is called the
group of n-dimensional co-boundarietthe complexX and is denoted aB" (K).

The fact thaty" 5" = 0 proves thatB" (K) is a (normal) sub-group af" (K) and hence one
can define the quotient group" (K)/B" (K).

The nth cohomology groupH" (K) is defined to be the quotient grol' (K)/B"(K). Thus
H"(K) =Z"(K)/B"(K).

6.9 CUP PRODUCT

The cohomology theory has an added advantage over homology theory because of an algebraic nature
which is missing in homology theory. It is defacto the ring structure of the cohomologyt{epthe

direct sum ofH" (K) achieved through defining a multiplication type operatibealled theCup

product

Before defining the cup product we recall that coefficient graup infact a ring and hence
multiplication is defined there. Here, the cup product is defined for two cochains;@whain and the

other am-cochain and the result of the cup product gives &m cochain. LetA ., = (Po P -+ P 1)-
Define F,, and F, as linear mapsk_:A, ., - A and F =A
vertices ofA,, to the verticesp,, pj, ... p, of &men andG maps the vertices af, to the vertice®,,
Py .PninOf A, NoteA <A, A <A, LetC"OC™(K) andC" OC"(K).
Then define a cochaic™ 0 C™(K) as(C™ O C") (Ap.,) = C" (K, A ). C'(RA L, ) e,
C"OCH(R B Ben)=C (R P R)-C (Rer B2 - Ron)

- A, where F,, maps the

m+n
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The cochainC™ [0 C" being defined for any simplex can be lifted to any cochai@Bf" (K).

It is now routine to verify that this cup product of cochain€gk), i.e.,3 C" (K) is associative
and distributive over addition and sirncédas an identity elemer@(K) has also an identity element and
thusC(K) turns out to be a ring of cochains. Also thez¢K) = 3 Z" (K), the direct sum of cocycles
is a subring o€(K) and the seB(K) = ¥ B"(K), the direct sum of co-boundaries, is a two-sided ideal
of Z(K). Thus the quotient ring(K)/B(K) is defined and is called tl®homology ringf K.

Remarks 1: Itis an important result to note that if two topological spaces are homeomorphic, then their
cohomology rings are isomorphic. Thus the ring structure is a topological invariant.

Remarks 2: The ring structure of the cohomology classes provides considerable freedom and flexibility
in the computation of the products.

Example 1: If P" denotes the real projective space then

H°(P")=ZandH®™ @")=2Z,, 0< 2<n

H* (P =0, 0< Z-1<n

H"(P") = Z if nis odd.
Example 2: If K denotes the Klein's bottle, ther* (K) is non-trivial, thoughH? (K) = 0
Remark: There are surfaces for which the homology and cohomology groups are equal.
Example 3: Forn>0, H*(S", G)= Gfork=0andk=n
Example 4: If T denotes the torus, then® (Y) =z, and H*(T) = Z.
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Singular Homology Theory

7.1 SINGULAR HOMOLOGY GROUP

One of the greatest successes of the combinatorial topology has been the extension of Homology Theory
to general topological spaces. In what discussed above it is clear that Homology groups can be defined
for a special kind of space, namely, compact polyhedron and the complexes obtained there were finite
althrough. Singular Homology theory extends the notion of Homology groups for general topological
spaces by associating with each space a chain complex. A continuous map induces homology
homomorphisms in an obvious way and as a consequence it follows that homotopic maps induce the
same homomorphisms. There is a natural homomorphism also from homology groups to singular
homology groups. In the following lines we give a sketch of notions relevant in singular homology
theory.

Let X be a topological space aGdbe an additive abelian group.

Definition: A singular p-simplexon a topological spac¥ is a continuous map of the standard
Euclideanp-simplex A, into X.

Note that a singular p-simplex is a map and not a set.
Definition: A singular n-chain on a topological spaXever an additive abelian gro@is an element
of the free (abelian) group generated by all singusimplices and is denoted &3 (K, G).

Let the symbol(x,, x, ..., %,) denote the linear map mapping the vertiqgs p,, ... p, of
A, t0 X, %, ...y X%, Fespectively oK.

Then the boundary operatal, acting on the singular-simplex (x,, x, ..., x,) is defined as

dy (s %o oos %)= 2 1) (% X,y X ...y X )Where the circumflex, denotes the omission of the
i=0

marked vertex and hence carries the usual meaning as before.

Now, if o =3 g, g, be an-chain on a topological spage whereg; are singulan-simplices and
g; are elements of the coefficient group, then the boundady, o6 defined asy g; d, o;.

Thus, we can define tH®oundary operatorg on the free abelian grou§, ( X) generated by alll
singularn-chains as follows:

d,(@)=0,(29i0)=g 2 d,(0)

It is easy to prove thal,, d, =0 i.e., 2 = 0. Noting thatS, ( X) is analogous to the simplicial

complexC, (K), we see that the graded complgkX) ={ S( X}.
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Written in a sequence, it looks like
L0l s, (008 s(X¥oi. s, ( xOUB-

The image ofd,.,; denoted byB, (X), is then called theubgroup of singular n-boundariex
S, ( X) and the kernel 0d,,, denoted byz, (X), is called thesubgroup of singular n-cycles S, ( X).
The resultd,_, , = 0 then proves thag, (X) is a normal subgroup o, (X). Hence, we can
define the quotient grou, (X)/Z,( X), called thesingular nth homology groupf the topological
spaceX. This quotient group is denoted Iy, (X) or H,, (X, G) whereG is the coefficient group.
Thus, H, (X) consists of equivalence classes of singotaycles under the usual equivalence

relation C ~ C' if and only if C - C'0 Z,(X) where C, C'0 B, (X). Such cycles are called
homologous cycles
From above the following result is obvious.

Theorem 7.1.1:If Xis a one point space, then

G if n=0
H.(X)=0O, .
o if nz0

Proof: Easy:

Another simple but interesting result is
Theorem 7.1.2: If X is path-connected, thed, (G) = G
Proof: Routine and can be seen in Dold or Spanier

To see now whether homeomorphisms of topological spaces lead to any algebraic relation between
the corresponding homology groups, we observe the following:

Let f: X - Y be a continuous map from a topological spéte another topological spade

Define a mapf O from S, (X)to S (Y asfollows: fO(> mo;) =5 m f(g).

This provesf 0(Z, (X)) O Z,(Y) and fO (B (X))O B (V).

Thus,f is a homomorphism of groups from, (X) to H, (Y) defined by

fOE mao)=% m ().

This homomorphism is known as the induced homomorphism

The following theorem is of great importance.
Theorem 7.1.3: Two homeomorphic topological spaces have isomorphic homology groups but not
conversely.
Proof: Easy to observe that if: X - Y is a homeomorphism, then the induced homomorphism is
actually an isomorphism.

Thus in a sense homology is a functor from topology to algebra, more precisely, from the category
of topological spaces and continuous functions to the category of groups and homomorphisms.

In fact, the definition of homology groups can be extended in a natural way to topological pairs and
hence the homology can be thought of as a functor from the category of topological pairs and continuous
functions to the category of groups and homomaorphisms.
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In this connection one should note that if two continuous rhapdg from X to Y are homotopic
then the induced maps are equal. This gives us the following version of Hurewicz theorem for singular
homology theory.

Hurewicz Theorem: For a path connected spaxe
T (X, %) = H; (X) wherex, O X.
Proof: See Dold or Spanier.

From above it is thus clear that the calculation of fundamental groups of path-connected spaces can
be done with the homology groups.

From the above result one immediately derives.
Theorem 7.1.4: Two surfacesS and S, are homeomorphic if and only H, (S)) = H,(S)).

7.2 MAYER VIETORIS SEQUENCE

Just as Van Kampen’s theorem in homotopy theory gives a useful way of computting fundamental
groups of topological spaces in particular surfaces, the following theorem gives a convenient method of
computing homology groups of many spaces.
Mayer Vietoris Theorem: If X =U, O U, is a topological space with two open subsd¢tsandU,
then there are homomorphisngs: H, (X) - H,, (U, n U,) such that the following sequence is
exact.

CHop (X)) O H (U, nU,) 03 H,(U) DO H,(U,) OO H, (X) 0N~ H,_,

(Ul U Uz) -

Iffurther,Y =\, O V4, V, andV, open subsets ofand f: X - Y is continuous withf (U;) O V,,
then(f|U, nU,)0p=¢ fO
Proof: See Dold [8].

The exact sequence referred in the above theorem is callbtayee-Vietoris sequencand plays
a significant role in the computational problems. The homomorph{gms are called connecting
homomorphisms.

As for example, using Mayer-Vietoris sequence one can easily find out the homology group of the
Real Projective Plane.

The following result follows easily from above.

Z if p=0,n

Ep if otherwise.

Proof: Use Mayer Vietoris sequence inductively with ={xOJS"; x, <- %} and

U, ={x0S"; x,>%

Theorem 7.2.1: H (S") =

7.3 SINGULAR COHOMOLOGY

Just as the simplicial cohomology group is the direct sum of a family of graded groups, each of which is
a free group consisting of all homomorphisms defined on the simplicial homology groups with values in
a field G, usually, the set of real numbers or complex numbers, so is the singular conomology group of
a topological space.
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Thus, if H, (X) denotes the singula®™ homology group oX, then H (X) = O H, (X) is the
direct sum of the graded homology groyps,( X)}. One can now define in a way analogous to that
for simplicial conomology theory, cohomology grougs (X) for eachH , (X).

To be little more precise, &3, (X) denote the singula™ homology complex and, ( X) denote
the free group generated by all homomorphisms f&(nX) to the fieldG, usually taken a€. Then
S"(X) is called thesingular " co-complex

If 6":S"(X) » S"( X is defined as3"C"(g,) = C™ (9, o,) Where g, is a singulam-
simplex, C" 0 S"( X) and ¢, is the boundary operator og, ( X), then 3" can be extended over
S"(X). This mapd" is called thesingular coboundary operator

From the factd,_, 5, =0 follows thatd" 5" =0

Thus, one gets graded grouy®' (X)} indexed byN usually represented as

LS (x) ot §(xof. $(¥oo ..

By virtue of 52 = 0 it is easy to prove now that the image-! of usually denoted bp" (X) and
called thegroup of singular n-coboundarie®ntains the kernel of ", usually denoted by " (X) and
called the group of singularcocycles, as a normal subgroup and heBtex)/z" ( X) is a group. The
family of all such cohomology groups make up a graded cohomology giq) ={ H"( X)}.

One can define as in the case of simplicial conomology theory, the cup product on the direct sum of
the graded cohomology group, denotedHbyX). This structure available on the cohomology group
H (X) and not on the homology group makes cohomology theory functionally more efficient in the
classification of topological spaces.

7.4 AXIOMATIZATION OF HOMOLOGY THEORY

The great success of singular homology theory as a generalization of simplicial homology theory in the
classification problem prompted many to devise very many ways of generalizing the classical simplicial
theory. Cech homology theory is one such generalization which achieved also remarkable success but
surely not as elegantly as the singular theory. Further that all these theories coincide on a large class of
spaces e.g., CW complexes perhaps influenced Eilenberg and Steenrod to study homology theory through
an axiomatic definition of homology theory.
Definition: A homology theory(H, ) consists of § a covariant functoH from the category of
topological pairs to the category of graded abelian groups and homomorphisms of degree O, i.e.,
H (X, A ={H,( X A, (b)anatural transformatiof of degree—1 from the functetron (X, A) to the
functorH on (A @), i.e., d(X, A={dn( X A; H(X A~ H, (A such that the following
axioms are satisfied.
Homotopy AxiomIf f,, f;: (X, A) - (Y, B) are homotopic, then

H(f) = H(f):H(X, A) -~ H(Y, B,
Exactness AxiomFor any pair X, A) with inclusion mapl: A0 X and j: X O (X, A), there is an
exact sequence

L OB H (A 0P H (X)) OB H (X, A DD~ H, (A Ofrih,
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Excision Axiom For any pairX, A) if Ais an open subset ¥fsuch thall [0 A, then the excision map
j:(X =U, A-U) 0 (X, A induces an isomorphis;: H (X -U, A= A= H(X, A.
Dimension AxiomFor a one-point spacg the following must be true:

¥ if n=0
H,(X)=0O, .
O ifnz0

Singular cohomology theory with coefficientsGrsatisfies all the above conditions and hence is an
example of a cohomology theory in the axiomatic approach also.

It is not difficult to prove using Mayer Vietories sequence that singular homology theory satisfies
all the requirements of Eilenberg Steenrod and hence is a homology theory in the axiomatic approach.

The corresponding cohomology theory has been defined axiomatically by Eilenberg and Steenrod
as follows:

Definition: A cohomology theoryH", 8" ) with coefficients irG consists of (a) a contravariant functor
H* from the category of topological pairs the category of graded R-modules and (b) a natural
transformationd”: H" (A) - H (X, A of degree 1 such that the following axioms are satisfied.
Homotopy AxiomIf f,, f, (X, A) - (Y, B) are homotopic, then

H™(f) =H (f):H (Y, B) - H (X, A,
Exactness AxiomFor any pair X, A) with the inclusion map$: A0 X and j: X O (X, A), there
exists an exact sequence.

LO8S HY X, A DHPL HY(X) oW HY A OT- H™(X AOD- ...
Excision Axiom For any pair X, A) if U is open inX such thatu O A°, then the excision map
(X -U, A-U) 0O (X, A induces an isomorphism.

H (j):H (X, A) =(X -U, A-U)
Dimension TheoremFor a one-point spacé the following must be true:

7 if n=0
H"(X) =
(X) Ep if nz0

Singular cohomology theory with coefficientsGrsatisfies all the above conditions and hence is an
example of a cohomology theory in the axiomatic approach.

7.5 DUALITY THEOREMS

The observation that the isomorphism of the homology groups implies the isomorphism of the cohomology
groups leads to the question whether there is any relation between the homology groups and the
cohomology groups. We shall see that there do not exist any such connection for the special types of
very general topological spaces like manifolds and CW complexes.

The following is one such result stated without proof:
Poincare Duality Theorem: If X is an orientable compact triangulable homologyanifold, then for
all positive integerp< n, H? (X, G = H,_, (X, G where G is an arbitrary coefficient group.
The corresponding result for relative manifold is known as Lefschetz Duality Theorem.
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Lefschetz Duality Theorem: If (X, A) is an orientable relativemanifold, then for any positive integer
p<n, we have

HP (X, A, G = H,_, ( X|- |Al; G)
and H, (X, A, G = H"P( X|-|Al; G)forall G

7.6 CECH THEORY

Simplicial homology theory defined homology groups for complexes which are made of simplices and
the definition could be easily extended to the underlying polyhedrons which are essentially subspaces of
the Euclidean spad®" with relativized topology. Singular homology theory extended the idea to arbitrary
topological spaces, thus enlarging the scope of classifying general topological spaces by means of
homology groups. As mentioned earlier this is not the only generalization of the simplicial theory. In

fact there are several generalizations, the most notable among them beleghitieeory. This theory
turns out to be very satisfactory in the case of cohomology. So in what follows we dRecis
approach to cohomology theory.

We begin with the recapitulation of some basic notions.

Definition: LetA be a collection of subsets of a topological spacehenerveof A denoted by (A)
is then defined as the abstract simplicial complex made of simplices whose vertices are elefnents of
and the simplices are finite subcollectigng, A, ..., A} of suchthatA n A, n...n A # @.

Note that the definition is usually given for a coveKo&o, ifB is a refinement oA, the vertex map
g: B - A defined by choosing(B) to be an element & that contain® induces a simplicial map.

0: N(B) = N(A).

Now the Cech cohomology theory is defined as follows:

Let A be a directed set consisting of all open covers of a topological X¥patere the order
relation < is defined as AB if B is a refinement oA for A, B 0 A. We then construct a direct system
of abelian groups and homomorphisms as follows:

Assign to eachAOA the groupH"(N(A); G) so that ifA < B, then the homomorphism

fag: H"(N(A); G) - H"(N(B); G induced by refinement, satisfies the conditions:

(i) faaH"(N(A); G) - H"(N(B); G is the identity,
(") |fA<B<C, then fBCO fAB= fAC'
The direct Iimitl/igz (N(A); G is then called the ntttech cohomology groupf X.

One can similarly define the reduc&&chcohomology group. By this abstract generalization how
much is gained is a natural question. The following theorem answers partly this significant question.

Theorem 7.6.1: For a simplicial compleK, the Cechcohomology groups and the simplicial homology
groups are isomorphic.
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But this result should not convince one to believe that this situation prevails almost everywhere in
homology theory. The following example suggests that the singular conomology groups Gedthe
cohomology group may be different also for some topological spaces.

Example: If Xis the closed topologist's sine curve, then
H*(X) = 0 for singular cohomology

But  H(X) = Z for Cechcohomology
We conclude this discussion by referring to a duality theorem establishing a connection between
Cechcohomology and singular homology groups.

Alexander Pontryagin Duality Theorem

If 2 A0 S" is closed, then
H p(A) = Hn—p—l(sn_ A

(Cech cohomology  (singular cohomology

Note that the result fails €echcohomology is replaced by singular cohomology. The above result
evinces the versatality of homology theory in general.



CHAPTER 8

Manifold Analysis

The first impulse to generalize differential and integral calculus came from the attempts to define the
related concepts over a general topological space than on the real line or the complex plane. But for
achieving a reasonable success the objective was brought down to a manifold defined and studied in the
following lines.

8.1 SOME DEFINITIONS

We begin with the notion of a manifold.
Definition: A real n-manifoldis a topological spackl every point of which has a neighbourhood
homeomorphic to an open subseRSf

To achieve greater success we shall often endow M with one or two additional structures, viz.,

(8 M is Hausdorff
(b) M has a countable basis, i.Bl,is second countable.
(c) M is paracompact.

We shall generally assuma) but occasionallyk) or () with specific mention.

Sometimes an-manifold will be referred to as a manifold only or topological manifold or abstract
manifold.

A complex n-manifold Ms a topological space which has a covering by neighbourhoods each
homeomorphic to an open subseCsf

Here also we shall generally assulté¢o be Hausdorff and paracompact.
A real manifold with boundary is defined as follows:
Definition: A real n-manifold with boundary is a topological space each point of which has a
neighbourhood homeomorphic to an open subsBt' @i to the se{x O R"; x >0 for somei}.
Example 1: The real lineR is a real manifold.
Example 2: The Euclidean spade” is an n-manifold.
Example 3: The unitary spac€" is a complex n-manifold.
Example 4: A closed intervald, b] is a 1-manifold with boundary.

Example 5: An open cube such as (0, 1) x (0, 1) x ... x ((h1)nfes) is an n-manifold but the closed
cube [0, 1] is an n-manifold with boundary.

Example 6: The open dis¢zOC;| 4 <1} is a complex 1-manifold and the produchdfuch discs is
a complex n-manifold.
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Example 7: The mobius band is a real 2-manifold with boundary.

Example 8: The torus is a real 2-manifold.

Example 9: The 1-spher&' (circle) is a real 1-manifold and the 2-sphgtés a real 2-manifold.

Example 10: The projective spac" is a real n-manifold.

Example 11: A paraboloid, an ellipsoid, a hyperboloid are examples of real 2-manifolds. A hyperquadric
in R"*! given by X’ + X*+ ...+ ¥'= & defines a real n-manifold.

Example 12: Any open subset dR" is a real n-manifold.

In fact the following is true:

Proposition 8.1.1: Every open subset of an n-manifold is an n-manifold.
Proof: Obvious.

Proposition 8.1.2: The product of finitely many manifolds is also a manifold.
Proof: Easy.

Definition: LetM be an n-manifold and l&t be an open subset BE. ThenU is homeomorphic to an
open subset d" under some map. The mapg is called a&oordinate mapthe functiong,p = x, are
calledcoordinate functiongand the painU, ¢) is called ecoordinate system

A coordinate systenfU, ¢) is called acubic coordinatesystenif @(U) is an open cube about the
origin inR". If mO U and @(m) = 0, then the coordinate system is said ta¢betered at m

The numben is called thedimensionof the manifoldM if {U_} coversM. If the corresponding
coordinate maps are denoted @y, the family{¢g} is called theoordinate neighbourhoodf M.

Definition: An n-manifold Mis said tadifferentiable of class 'Of
(i) M is a Hausdorff space,
(i) For any two neighbourhoods$ andV of a pointm, the corresponding local coordinatesof
in @(U) ande ¥ ) are connected by a homeomorphism which is differentiable (analytic in the
case of complex manifold), i.eR,@ " is C* (analytic).
An n-manifold is callediifferentiableif it is C* for all k = 0, i.e., %O(R/_l is cY for every pair of
open setd) andV of M.
It is usually worthwhile takingy/ to be second countable for many reasons to be clear in course of
time.

Example 1: The general linear groupL(n, R) of all n x n non-singular matrices with real entries is a
differentiable manifold. This becomes obvious if we identify the poinRS“ofvith the nx n matrices of
GL(n, R). Then the determinant of a matrix becomes a continuous functioGk¢mR). i.e.,R™ toR.

For functions of several real or complex variables we shall generally take manifolds which are
themselves subsets Bf' or C". In such situations one observes tha C* if 9'/0x, exists and is
continuous on an open subset of the manifold. Tia€° if f is continuous.

The following results are almost obvious.

Proposition 8.1.3: Every open subset of a differentiable manifold is a differentiable manifold.

Proposition 8.1.4: If M, andM, are two differentiable manifolds of dimensions respectinebndn,,
then the topological produtd, x M, is a differentiable manifold of dimensiog + n,.
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8.2 GERMS OF A FUNCTION

We define this concept in a round about way.Mdie a complex manifold.

Definition: A function f: M - C is said to have theame gernas g: M - C if there exists a
neighbourhoodJ of mO M such thatf (x) = g(X for every x 0 U.

Now, we can define an equivalence relation for all complex valued functidvisasriollowsf ~ g
if f has the same germ@sT he equivalence classes of ~ are calleg#nmsof M. The germ corresponding
to f will be denoted by.

Note a gerni has a well-defined value ad 0 M given by f (m).
Let F,, denote the set of all germs at a particular poiof M. Then the following is true.

Proposition 8.2.1: F,, is a vector space.
Proof: In fact the natural addition and scalar multiplication are given by

(f+g)(m = f(m+ om
af (m)=a f(m)
The verification is a routine check.
In fact some thing more is tru€,, is an algebra, if we define the product of two germs as follows:

(f o) (m) = f(m o

It is easy to note the set of all germs vanishing & a two-sided ideal d¥,...

8.3 SHEAFS
The sort of relationships between holomorphic functions and their respective germs lead generally to
the study of sheafs.
Definition: A sheafof abelian groups over a topological spite a topological spacgtogether with
a mappingt: S - M such that the following conditions are fulfilled:
(i) m is alocal homeomorphism,
(i) Foreachx M, the setrr™(x), called thestalk overx, has the structure of an abelian group.
(ili) The group operations are continuous in the topolody of

The mapr is usually referred to as the projection map. A slBaafer a topologicaM together
with the projectionsr will be denoted by(S, i1, M). A stalk of Soverx will be sometimes denoted by

S.
A topological spacé is called asubsheabf the sheafS, 7, M) if
(i) TisopeninS
(i) m(T)=M™M
(iii) For each pointx [0 M, the stalKT, is a subgroup of.S
A sectionof the sheaB overU is a continuous mappin§:U - S such thatrr, f = mJ.

Remark: The above definition of sheaf defined for abelian groups can be extended to sheafs of rings or
modules or algebras in a natural way.
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The following result is immediate from the definition.
Proposition 8.3.1: The setl' (U, S) of all sections oveU is an abelian group.
The proof of the above is obvious if the operations are defined as
(f+9)(¥=f(9+ o3
(-f)Y()=-f(x) for f,gdr(u, s
and the zero of the group is the zero section which assigns the zero of the Ytelkio every x 0 U.

It is easy to observe that\ffis a subset df, there is a homomorphism,,: T (U, S) - '(V, 9
defined by the restriction.

These observations lead to the following notions.
Defintion: A presheafof abelian groups ové consists of
(i) a basis of open sets Wb,
(i) an abelian groufy, assigned to each open &ebf the basis.
(i) a homomorphismp,,:§, - § associated to each inclusiovi DU such that
PWV, pVU = pWU whenevetW 0O V 0O U.
There is a natural construction which associates to every preshe® avelneafs over the same
spaceM. For this suppose a presheaf is given. For every pdihM, consider the family, of those
open setd) of the basis oM such that) contains the point ThenU, is a partially ordered family under

the inclusion relation. Let the direct limit group®fbe denoted bys,, i.e., S = u":Ln 9.
X

It now follows by straightforward verification th& = 0 S is a sheaf of abelian groups with the
projectionmt: S -~ M defined byn(S,) = x

Infact s, = (¥, xO M are the stalks which are abelian groups. The topolog§ysdiefined as
follows:

To any elementf (1§, associate the point set

p(f)=[] pu(f) DS

xOJuU

where p,, (f) is the equivalence class HS;: =[] & the parent set of the direct limit.
xOUx

[Here two elementsf, 0§, 0 § and § 0 $ 0 $ are equivalent if there is a set O U,
such thatw O U n V and pyy (f,) = pwy (9y)]- The setp(f) is a basis of a topology under which
the projection mapping : S —» M is alocal homeomorphism. Further the group operation is continuous
as p(f) - p(g) = p(f — g). ThusSis a sheaf.

We now give some simple examples of sheafs.

Example 1: Let M be an open domain (i.e., a connected open s&).ifo each open sét of M we
associate a ring, of holomorphic functions itJ. If U OV are two open sets anfi] 6,, then the
restriction off to U is off course an element o, (f) and whenU OV OW, it is clear that
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Puv Pvw = Puw- Thus, the collection of ringg, together with the restriction mappingg,, forms a
presheaf of holomorphic functions o¥&r The sheaf associated with this sheaf is known as the sheaf of

germs of holomorphic functions oviet and is usually denoted L.

Example 2: Let M be an open domain &@". To each open subsetof M associate the rin@, of
continuous functions ovéy. The ring together with the natural restriction mappings defines a presheaf
overM and the sheaf obtained as the direct limit of the presheafs is theCsblegérms of continuous
functions on MIf in particular one take§ the ring of constant functions, the corresponding sheaf is
known as the constant sheaf.

Example 3: If M is an open domain i@" andU [0 M be open, then the sheafs associated with the ring
CU“) of r-times differentiable functions of the underlying 2n real variables and also th@uﬁ?fg of
infinitely differentiable functions as in example 2 are called the sheafs of r-differentiable functions of
the real coordinates dvl and the sheaf of infinitely differentiable functionsrespectively.

Example 4: One can in an exactly the same manner introduce the shgadf germs of complex
valued C" -forms of the typeq, g). In particular, we will writea = a,, to denote the sheaf of germs of
complex valuedCc” functions.

Example 5: The sheatC,, of germs of complex value@" -forms of the type b, ) which are closed

under 9 plays a fundamental role in manifold analysis. We wélte C,,, the sheaf of germs of
holomorphic functions.

Example 6: The g of germs of holomorphic functions which vanish nowhere has group operation
defined on each stalk by the multiplication of germs of holomorphic functions.

Definition: LetM be a complex manifold. Lét,, denote the module of all complex valued-forms

of the type b, g) over the ring of complex value@" functions. Then, a formrad A,, is called
d-closed if da = 0. Let C,, denote the space @ -closed forms of the typeg ). Then the quotient
group D,((M) = C,q/ A, is called eolbeault groupof M.

If we start with a real manifoltl and if A denotes the space of all real valu@d forms of degree
randC, be the subspace of the formsAf which are annihilated by, i.e.,da=0 forad A, then the
quotient groupC, /dA _; is called ade Rham groupf M and is denoted bR (M).

The following is a fundamental theorem in manifold analysis.

Dolbeault Grothendieck Lemma: Let D be the polydisdz |<,1<i<minC"and D be the

smaller polydisdz |< ¢ < r . Leta be a form of type(p, g), g= 1 in D such thaa = 0. Then, there
exists a formB of type ¢, q—1) inD such thato3 = ain D'

Definition: Letm:S - M andt: S— Mbe two sheaves of abelian groups over the same kpace
A sheaf mapping: S — T is a continuous mapping such tmat t ¢, i.e., a mapping which preserves
the stalksg(rr*(x)) O 7°(X). The mappingg is called asheaf homomorphisiif its restriction to
every stalk is a homomorphism of groups.

If ¢: N - M is a third sheaf ove¥l, the sequence of sheaves

0-S - T . N-oO
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connected by homomorphisms is calle@sact sequendgeat each stage the kernel of one homomorphism
is identical with the image of the preceding homomorphism. Such a situation we usually describe by
saying thatSis a subsheaf of andN is the quotient sheaf dfby S.

It follows from the Dolbeault Grothendieck lemma that the sequence
i 9
is exact. Hereis the inclusion homomorphism agdis the homomorphism on sheaves induced by the

5-operat0r.The Dolbeault Grothendieck lemma says t&_)ratperator is onto and the exactness of the
sequence at the other stages is obvious.

8.4 COHOMOLOGY WITH COEFFICIENT SHEAF

Let M be a paracompact Hausdorff space. Uet {U} be a locally finite open covering 8. The
nerveN(U) of the coveringJ is a simplicial complex whose vertices are the menibsv§the covering
such thatU, U ...,U,, span ag-dimensional simplex if and only if the inetersection
Uo nUgnUj,n..nUy, #. Letd:S — M be a sheaf of abelian groups over M
A g-chainof N(U) with coefficients in the she&fis a functiorf which associates to eagfsimplex
0 =Up Uy Uy ONU) asectionf (@) OTU;, n Uy nU;, noon Uy S).
A g-coboundary operator
6%:CT(N(U), 9 - T (N, 3
is defined as follows:
For f OC (N(U), S ando = (U, Uy ...4, ), defing® {0 C** (N U, $as

g+l

(Jqf)(a) = Z(_l)i paf (Uo, ""Ui—11Ui+1, "'qu+1)

where p, denotes thelr;striction of the sections to the opedset U; nU, n...n Ug,,.
It is straightforward to verify that
5959=0,q=0,i.e,6%= 0.
The kernel ofs9 is called thegroup of g-cocycleand is denoted k¥YN(U), S and the image of
59*1 is called thegroup of g-coboundarieand is denoted bBY(N(U), S).

As a consequence @ = 0 one gets

B'*(N(U), 90 Z(NU, 9
i.e., everyg-coboundary is g-cocycle. Hence, one defines the quotient group
HY(N(U), §)= Z/(NU, 9/ B(N Y, B B=0.
This group is called thgth cohomology groupf the nerveN(U) with the coefficient shed
The zeroth cohomology group has the simple interpretation.

H°(N(U), 9 =T(M, S.
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By a standard process initiated Ijech,one can now pass from the cohomology group
HY(N(U), S) relative to all the locally finite open coveringsof M to the cohomology group
H9(M, S), g= 0 of the spac# itself.

Let . S -~ M be a sheaf of abelian groups oWrand letu ={U} be a locally finite open
covering ofM. A partition of unity of the she& subordinate to the coveringis a collection of sheaf
homomorphisms; : S - S with the properties:

(i) n; is the zero map in the open neighbourhood/of U;,
(i) >n; =1, the identity mapping db.

A sheaf Sf abelian groups is calldihe if it admits of a partition of unity subordinate to any locally
finite open covering.

An example of a fine sheaf &,

Examples of sheaves which are not fine are

(i) the constant sheaf,
(if) the sheafC,.

Fine sheaves play a catalytic role in conomology theory of sheaves because of the following theorem:

Theorem 8.4.1: If S is a fine sheave, thea%(N(U), S) =0, for g= 0.

Definition: A sheathomomorphism:S - T induces a homomorphismU, S) - (U, T) for every
open set of M and hence a homomorphism

i9:CYNW),S) - C(NU, T), 0.
This leads to an induced homomorphism
i9°CIM,S) -~ C'(M, T),g=0
We now describe a homomorphism
S9HIM, S) » H™(M, T), g=0
as a result of the exact sequence
0-S L T _qi N- O

We take a covering) and write down as follows a diagram of cochain groups and their connecting
homomorphisms.

1 i i

0 - CYNU), 9 - C(NU, - C(NUY, N- 0

1 1 i

0~ C¥(N(), §) -~ C"(NUY, I -~ C*(NUY, N~ 0

i i i

0 - C™*(N(U), 9 - C"*(NU, - CE?*(NUY, N- O

i i i
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This diagram is commutative in the sense that the image of a cochain depends only on its final
position and is independent of the paths taken. Moreover the horizontal sequences are exact. In fact, to

an element ofH%(M, N) we take a representatiegcocycle, i.e., an element 0 CY(N(U), 9
satisfying59*1(u) = 0, there exists/[1CY(N(U), T) such thag® = u. Theng¢d™ 6% v=5%"u=0
and there existsvd CI*(N(U), 9 satisfying idr2 gt w = o i w = 68 6% v =0 so that
59" w = 0. By chasing the diagram further it can be shown that the elemert'd{N (U), S) defined

by w is independent of the various choices made. This defines the homomogghism
A fundamental fact in cohomology theory is the result:

Theorem 8.4.2:If the sequenc® _. S _I, T i N - O is exact, then the sequence of cohomology
groups
61+ iO ¢0 60* il ¢1
0-H’M,S)~ H(M, N> H'(M, 9- H(M T)- H(M N- H(M $
is exact.
We apply this result to the exact sequence

i ]
0_>Cpq_>apq_> Cpq+1—>0

A part (section) of the induced sequence of cohomology groups will be

_ 0 5q+ i
> H ™M, a,) » M, Cpy) =~ H' (M, Cpy) » H (M, 8,q)~ -
which is also exact.
Since the sheda, is fine, we have
H'(M,a,)=0,r21
From the exactness of the above sequence the following isomorphisms follow:
H"(M, Cp) OH" (M, Cpgeq) O...OH" (M, Cy 1) O H* (M, Gpgu  )IOH (M, G- ),
the last expression being the Dolbeault grayp, (M).
Takingr =q, g =0, we get
Dpq(M) OHY(M, Cpp)
Definition: The sequence

i 0
0 - Cpg— apg~ Cpgr 0
can be combined into one sequence as
i ] a3
0-Cp - ap > Cpp = oo = 8yq — -
which is exact by Dolbeault Grothendieck lemma. The subshegfwhich is the image of the preceding

homomorphism and the kernel of the succeeding one is pre€CjgeBincea,, is fine, the above sequence
is called a fine resolution of the shé&af,
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A similar but simpler situation prevails in the case of a real differentiable makffold

Leta'b the sheaf of germs a@“ -real valued differentiable forms of degmeand letC" be the sub
sheaf ofa’ consisting of the germs of closed r-forms.

Then the sequence

o-rod@ >S4l
whereR is the constant sheaf of real numbersiaisdhe inclusion map, is exact.
The above sequence is a fine resolution of the ghdaiom the exactness of the same follows the
deRham isomorphism:
Rr(M) O H'(M,R
(r-dimensional deRham group Bf)



CHAPTER 9

Fibre Bundles

The study of fibre bundles makes an important component of algebraic topology for many reasons. On
one hand it helps classification of the topological spaces and on the other gives remarkable results in
physics, differential geometry and many other areas so far as applications are concerned. In this chapter
we show only a few aspects of this theory.

9.1 VECTOR BUNDLES

We begin with some definitions.
Definition: A k-dimensional vector bundlg¢ over the fieldr is a bundleX, p, B) such that

(i) Foreachb B, p*(b) is a k-dimensional vector space.
(i) Each point ofB has an open neighbourhoddand an U-isomorphisrh,: U x F — p (V)

whose restriction tolf}x F is a vector space isomorphism ongo*(b) for eachb in U.

The condition (ii) above is called ttecal triviality conditionand the U-isomorphism is called a
local coordinate charof &,

The tangent bundle over the n-sphefal&noted byr (S") and the tangent bundle over the n-real
projective spac®P", denoted byr (RP") are simplest examples of vector bundles.

Definition: The Stiefel varietyof orthonormal k-frames iR", denoted byv, (R") is the subspace
(Vi Vay M) O (8™ such that the inner product,(v) =5, -

ThatS™ is compact implie¥/, (R") is compact.

The Grassman varietyf k-dimensional subspaces Bf, denoted byG(R") is the set of
k-dimensional subspaces Rf' equipped with the quotient topology which makes the functigrv

V) = SP(Vy, Yy, .., V) fromV, (R™) ontoG, (R") continuous. Clearly the Grassman variéfy(R")
is a compact manifold. It is also true that

G(RNOGR™DOGR™HO...0 GR")
where G, (R”) = Dka(R“) has the induced topology.

It is easy to see th#(R") = S™' butG (R") = RP™.
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The canonical k-dimensional vector bungtleof the product bundleZ (R") x R", p, G(R")) such
that the total space consists of pairsxj 0 G, (R") x R" with x [ V. One can defing/ asy, on
G (R").

Definition: If & = (X, p, B) is a bundle anéd O B, then the restricted bundfa is a bundle whose
total space ig *(A) andp|, is the projection.

Definition: If & = (X, p,B)is abundle anft B, - Bbe any map, then the induced bundl€ afinder

f, denoted by * (&) is the bundle whose total space is the subspace of allipai)s{ B, x X such that
f(b,) = p(x) and the mapbg, x) — b, is the projection.

9.2 AHOMOTOPY PROPERTY OF VECTOR BUNDLES

In this section a homotopy property of a vector bundle is established which will lead to an isomorphism
in the next section.

We shall need the following two lemmas.
Lemma 1: If & = (X, p, B) be a vector bundle wheBe=B, 0 B,, B,=Ax [a,c],B,=A X [c, b],a<
c<band{|B, = (X, py, By andE|Bz = (X, p,, B,) are trivial bundles, thed itself is trivial.
Proof: Leth:B,xF - Xibe a Bisomorphismfoi =1, 2 and leg, =h|(B, n B, xF.

Thenh =g, g, is anA x {c}-isomorphism of the trivial bundles ardis given byh(x, y) =
(x, 1 X)y) wherex,y) 0 (B, n B)) xFandn: A - GL(k, F) is a map. Now thik can be prolonged
to aB,-isomorphismw: B, x F . B, x F by definingw asw (X, s, y) = (X, S, 17 (X)y) whenx OA, yOF,
t O[c, b]. The bundle-isomorphismg: BxF _, X,andu,w: B, xF _ X, are equal on the closed set
(B, n B,) X F. Hence, there exists an isomorphisnB x F . X such that|B; x F =u;, andu|B, x F
= u,w. This completes the proof.

Lemma 2: For every vector bundle ov&rx I, then there exists an open coveritg}{of B such that
&|Ui x | is trivial wherel = [0, 1].
Proof: Follows from Lemma 1.
Theorem 9.2.1: If r is a map defined bg(b, t) = (b, 1) wherel§,t) O Bxlandifé = (X, p, Bx1) is
a vector bundle whe is paracompact, then there exists a mapping - X such thatf(r): & - &
is a morphism antlis an isomorphism of fibres.
Proof: SinceB is paracompact, by Lemma 2 there exists a locally finite open covésjhof{B such
that & |ui <1 is trivial. Let{ni} be a partition of unity subordinate to}, i.e., supn, 0U; and 1 = max
n; (b) for eachb O B.

Leth: U, x| xF - p™* (U, x 1) be aU, x I-isomorphism which follows from triviality. Then define

(f,r): & = & asr, (b,t) = (b, max(); (b), 1)) and fis the identity outsidp™ (U, x 1) andf(h.(b,

t, X)) = hy(b, max(®, (b), t), X) for each i, t, x) O U, x| x F.

Applying the well-ordering principle tbwe get, for each [ B, an open neighbourhoda{b) such
thatU, n U(b) # ¢ for eachi O I(b) wherel(b) is a finite subset df. We now define
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=Ty - iy ON Uli x U(b)
and  f=f ..f,onp~(U(b) xI)

where i(b) ={i(1),...i 6} andi(1) <i(2) < ... 9(n).

Sincer, andf, are identities for [1 I(b), they are infinite combinations of maps all but finitely many
of which are identities near a point and since éasfan isomorphism on each fibfés an isomorphism
on each fibre.

Corollary 9.2.2: There exists an isomorphisii): £ |B x {0} - &| B x {1})

Proof: Immediate from the above theorem.

Theorem 9.2.3:1f f,g: B - B' are two homotopic mapB,is paracompact anél is a vector bundle on
B', then the induced bundIlé$ (£ ) andg * (&) areB-isomorphic.

Proof: LetH: B x| - B' be the homotopy dfandg, i.e.,H(x, 0) =f(x) andH(x, 1) =g(x). Then,
f* (&) isisomorphic tdH * (¢)|B x {0} and g * (&) is isomorphic tdH * (£ )[B x {1}. Since, by the
above corollaryH * (£)|B x {0} and H * (&)|B x {1} are isomorphicf * () andg * (¢ )are
B-isomorphic.

Corollary 9.2.4: Every vector bundle over a contractible paracompact space is trivial.

Proof: Letf:B _ Bbe theidentity and: B . B be a constant map. By contractibilitys homotopic
to c. Hencef * (&) andc* (&) are isomorphic by the above theorem. But & ) is isomorphic to&

sincef is the identity map antt ( £ ) is isomorphic toB x F, p, B). Henceé is isomorphic to the trivial
vector bundleB x F, p, B).

9.3 A REPRESENTATION THEOREM

We begin with a definition.

Definition: A Gauss mapf a vector bundlé = (X, p, B) in F"is a mapm: X —. F™such thagis a
linear monomorphism when restrictedpio (b) for each b B.

Note that not for every vector bundle a Gauss map exists. But it is easy to see that if the base space
B is paracompact, then such a map exists. In fact it is not difficult to show that the existence of a Gauss

mapg: X - F" is equivalent to the condition of being isomorphic to the induced bufdief the
canonical vector bundle under a suitable rhaphus the following theorem is immediate from the
above observation and can be considered as a classification theorem.
Theorem 9.3.1: Every vector bundl€ over a paracompact spaBds B-isomorphic tof * (y,) for
somef: B - G, (F").

A simple argument and the definition of Gauss map now help infer the following:
Theorem 9.3.2:1f f, g: B - G, (F") be two maps such thit (y,) isB-isomorphic tag* (y,), then
f is homotopic ta.

We are now in a position to state and prove the main theorem.
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Theorem 9.3.3: The set of isomorphism classeskadimensional vector bundles over a paracompact
spaceB is in a natural bijective correspondence with the set of homotopy classes of rBapsdhe
Grassman manifold &f dimensional subspaces of an infinite dimensional space.

Proof: Denoting the set of homotopy classes fidinto G (R") by [B, G, (R" )] we define a function

¢s for each paracompact spages follows :

¢e([f]) ={ f Wyw} DVect (B

where [f] O [B, G(R")] and Vect (B) denote the set of isomorphism classes of k-dimensional vector
bundles oveB and{y,} denotes the class containiifg.

The well-definedness now follows from Theorem 9.2.3 above. The Theorem 9.3.2 now gives the
injectivity of ¢ . The subjectivity of¢ is a consequence of the fact that a vector bundle of isomorphism
classes is isomorphic t& (y,) for somef and the correspondindg][ 0 [B, G(R")].

Remark 1: The above representation theorem help classify vector bundles and thus reduces the
computation of isomorphism classes of vector bundles to that of the homotopy classes of maps from a
paracompact base space to the Grassman maGifoRl" ).

Remark 2: A series of almost analogous results can be derived without the assumption of
paracompactness of the base space.
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